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Whether for environmental, conservation, efficiency, or economic reasons, developing next generation
electric power infrastructure is critical. Temporally relevant, granular data from smart meters provide
new opportunities for data-driven management of the power grid. New developments—for example,
electricity markets with multiple suppliers, the integration of renewable power sources into the system,
and spikier demand patterns due to, say, electric vehicles—create new challenges for efficient grid operation. Computer science is uniquely positioned to assist with increasingly sophisticated techniques
for handling and learning from large amounts of data. The methods of game theory and multi-agent
systems provide a natural framework for modeling the competing incentives of electricity market participants. This thesis focuses on the use of learning, optimization, mechanism design, and preference
elicitation methods to coordinate electricity demand and supply while respecting the incentives of market
participants. Specifically, we propose an approach where an autonomous agent acts on behalf of each
household, coordinating with inhabitants to relay information and make decisions on their behalf about
electricity consumption. We focus on three problems that arise in developing such agents: (i) how to
coordinate consumers’ electricity use, (ii) how to share the costs of consumption among households (via
their agents), and (iii) how to gather consumption preference data from consumers.
Chapters 3 and 4 focus on different aspects of the first two problems. Both use a matching markets
approach. In Chapter 3, we focus on the impact of demand smoothness and peaks on the supplier’s cost,
and in Chapter 4, on the impact of predictability. In both chapters, we develop new cost sharing schemes
that are resilient to certain forms of strategic behavior on the part of the agents and that achieve strong
performance in experiments.
Chapter 5 studies the third problem. Motivated by control of heating and cooling systems, we present
a new approach to preference elicitation, where the cost and accuracy of query responses is dependent
on the user’s familiarity with the conditions specified in the query. We show that despite the theoretical
difficulty in this setting, we can build solvers that perform well in practice.
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Chapter 1

Introduction
Electricity markets and electricity distribution are the source of many intriguing technical problems for
artificial intelligence (AI). Electricity is notable from an economic perspective because it fails to behave
like an ideal commodity [Kirschen and Strbac, 2004]. It is delivered through a physical network governed
by the laws of physics: the electrical grid. Demand and supply must be balanced continuously to keep
the grid functioning (load balancing)—failure results in a long and expensive recovery process. Most
load balancing is done outside of markets because of the speed of reaction required, on the order of
seconds. Because supply is pooled through the grid, individuals cannot buy from a particular supplier
directly. Storage is also very expensive. These elements combine to make electricity markets challenging
to operate efficiently, in the economic sense. Our research and intuitions about how free markets lead
to high-quality outcomes are difficult to apply in a setting that is sufficiently non-standard.
The Nobel laureate Alvin Roth has written extensively on the challenge of defining good rules for interactions in markets [Roth, 2002]. He argues that no market operates completely removed from human
design or conventions, and that it should be part of the role of economists in society to adjust the rules
of markets to optimize outcomes. This area of study is called market design or design economics. While
designing these rules is highly dependent on economic theory, there are often key computational challenges in the operation of the market itself. Designed markets frequently do away with the spontaneity of
organic ones where market participants choose their own partner with whom to interact. Instead, participants submit “bids” (which may be non-monetary) to a central authority, which “assigns” transactions
to the market participants by running an algorithm. Such markets are referred to as matching markets,
since they often match buyers to sellers to maximize economic efficiency or some related objective. More
broadly, they coordinate the actions of the market participants.
Electricity markets in particular are intensely designed. This design is driven by technical constraints,
such as limitations in monitoring technology. For example, with traditional electricity meters, it is
impossible to have a pricing scheme that depends on the time of consumption, as these meters do not
record when electricity use occurs, only total usage. These markets are an interesting object of study,
and Chapters 3 and 4 explore the problem of improving their efficiency from both the economic and
computational perspectives.
As we propose more complex market rules that increase efficiency, we have to be careful to not
disrupt the desirable properties of existing, simple markets. Here two key issues arise. First, the more
information an agent reports to the market, the more opportunity the agent has to manipulate the
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outcome of the market by reporting information falsely, which we call misreporting. Second, what is
good for the group of agents is not necessarily good for each individual agent—a rational, self-interested
agent will take advantage of opportunities to improve its own outcome, potentially by making side deals
with other agents. These actions may in turn reduce the welfare of the group. Economists call this
the problem of stability. A stable allocation is one where no agent can benefit by making side deals or
taking actions other than those prescribed by the market. Both of these issues are well understood in
the abstract, but often require special treatment in any specific market.
In Chapter 3, we apply a matching markets perspective to electricity exchange. Our use of matching
markets is motivated by their application to supply chains (e.g., Chen and Roma [2010]), where they are
used to increase economic efficiency while respecting global constraints on outcomes. Electricity generator cost functions often have a complex structure, including features such as minimum and maximum
production levels, multiple generation sources with varying costs, and ramp constraints that constrain
production adjustments over time. Due to this complexity, social welfare optimal matchings (i.e., those
that maximize the aggregate utility of the market participants) are usually not stable. We develop two
novel cost-sharing schemes. The first is based on a standard solution concept in cooperative games,
Shapley value, and achieves the positive fairness properties of the Shapley value, but is computationally
expensive in domains with thousands of agents. The second is based on a new notion of similarity-based
envy freeness, which captures many essential properties of Shapley pricing, but scales to large numbers
of consumers. We show that while both of these schemes achieve a high degree of stability in practice,
we can increase the stability of the outcomes by sacrificing small amounts of social welfare.
Chapter 4 develops a cooperative game-theoretic mechanism for coordinating electricity use across
consumers, particularly with respect to predictability of consumption. There is an incentive misalignment
between the traditional fixed-rate tariffs faced by consumers and the two-stage market faced by electricity
suppliers. Electricity suppliers try to purchase as much electricity as they can in advance because they
pay a lower rate for such purchases [Team, 2011]. The cost incurred by energy suppliers thus depends
on their ability to predict future consumption, but consumers typically have little incentive to consume
predictably. We extend the work of Robu et al. [2017], who developed prediction-of-use (POU) games
in consultation with a utility to address this problem. We show that POU games have significant
shortcomings because they do not allow consumers to coordinate their consumption choices, resulting in
outcomes with lower social welfare than under a fixed-rate tariff. We extend the model by introducing
multiple profiles, addressing this weakness, and we call our extension multiple-profile prediction-of-use
(MPOU) games. The introduction of multiple profiles per user creates new incentive issues that we
address with a new technique called separating functions, which are a generic solution to the problem
of incentivizing a user to take an action which has a partially observable outcome. In our experimental
results, we build test instances using utility models learned from real electricity use data. MPOU games
deliver an increase of about 5% in social welfare over fixed-rate tariffs.
While market design may not appear at first to be a natural topic for AI research, there are reasons
why AI has embraced it more than have other areas of computer science. The main reason is AI’s
interest in multi-agent interaction, particularly between humans and artificial autonomous agents or
between groups of artificial agents. Modeling those cooperative and competitive interactions is close in
spirit to economic exchanges. In addition, AI is a center for research on problems with exponential and
higher complexity. Many of the core problems studied in the early days of AI, intended to mimic human
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capabilities, are highly challenging computationally.1 This thesis connects market design with AI even
more directly, through the use of human-representing autonomous agents in electricity interactions.

1.1

The Role of Artificial Autonomous Agents

It becomes intuitively obvious when studying market design in the electricity context that many improvements are in conflict with consumers’ attentional limits. To increase efficiency, one needs to make
interactions more complex. For example, in the presence of perfectly rational agents with infinite attention, dynamic electricity pricing would be more efficient than fixed-rate pricing from an economic
perspective—dynamic pricing allows the balance of supply and demand to affect prices, resulting in a
better allocation. However, in practice, dynamic prices are hard for consumers to manage. They need
to pay attention to price changes throughout the day and shift their behavior to react to them. Because
electricity makes up a small fraction of most people’s spending, their incentive to shift in reaction to
dynamic prices is quite limited.
We can address this problem by introducing autonomous agents that represent consumers. If each
consumer has an agent that understands her preferences and can take actions on her behalf, we can reap
the benefits of more sophisticated market mechanisms without paying the attentional costs. Introducing
autonomous agents has an additional advantage. Even if consumers had infinite attention, they would
also require complete knowledge of their preferences to respond rationally (in the economic sense) to
incentives, as well as the computational capacity to optimize their behavior. The introduction of a
consumer-representing autonomous agent allows us to break this problem into two parts: market design
with rational agents (the focus of Chapters 3 and 4) and how an autonomous agent can learn the kind
of preference information it needs from humans (who may not be rational). The latter is the focus of
Chapter 5.
When learning consumer preferences, it is not sufficient to observe them and reproduce their behavior. Doing so would reproduce the attentional constraints of people in the learned behavior of agents.
Instead, we need to query users directly. The problem of learning user preferences through querying is
preference elicitation (PE), a longstanding problem in AI. PE is connected to market design because the
central market mechanism can be viewed as an autonomous agent that is acting on behalf of the market
participants (see, for example, Sandholm and Boutilier [2006] and Parkes [2005]).

1.2

Experiential Elicitation

Research in PE has primarily focused on making infrequent decisions with high impact, but studying
frequent, low-impact decisions raises new questions. Beyond the new technical challenge that arises from
the problem structure, the psychology of the user changes. Dual process theory [Kahneman, 2011] states
that humans have two separate decision-making systems: one for fast and frequent decisions (System
1 ) and another for slow and infrequent ones (System 2 ). This split has significant consequences for PE
because people are less able to reason about their System 1 decisions because logical reasoning is a part
of System 2.
1 Market design has drawn in another field that specializes in hard computational problems: operations research, where
the motivation came from optimizing industrial processes rather than mimicking human ones. Market design has also had
interactions with the theoretical CS community, expert at proving properties of algorithms, and this has created overlap
between research in theoretical CS and AI.
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Systems that support System 1 decisions should take into account the context in which queries are
asked. For example, people should have better access to their heating and cooling preferences about
“days that 20˝ C and the electricity price is $0.1 per kWh” on a day where the temperature is in fact
20˝ C and the price is $0.1 per kWh than on a day when it is 0˝ C and the price is $0.01 per kWh.
In the former case, a person can appeal directly to System 1 to figure out what decision they would
make, whereas in the latter, they are appealing to System 2 to reason about System 1. Similarly, in the
case of the smartphone personal assistant, it is easier to answer a question about the relevance of being
shown certain information in the current context than it is to consider the value of that information in a
hypothetical scenario. At a high level, this hypothesis is no more complicated than the idea that people
can answer questions about their immediate circumstances both more easily and accurately than they
can answer hypothetical questions.
Integrating this hypothesis into PE systems requires that the systems take into account the current
context when deciding what queries to ask. We call this approach experiential elicitation (EE) after Hui
and Boutilier [2008], who apply a similar concept in an interface customization setting. EE presents new
challenges to PE because of its temporal component. Traditional PE systems have a discrete querying
phase, where the system does all of its querying before any control actions are taken. This approach
does not work in EE because it may be better to wait to ask a query until a more appropriate context
is reached. Thus, the problem of what control actions to take on behalf of the user and what queries to
ask are interlinked. In extreme cases, it may even be optimal to take a control action that is believed to
be suboptimal because it opens up the possibility of posing more useful queries.
It is important to note that EE can be useful even in the case where users can answer any query
equally well from any context because it can reason about the value of delaying queries. First, delaying
a querying about a particular context can result in a cost savings if that context never occurs. Second, if
asking each query has a cost and people discount costs paid in the future, it is better to ask a query later
than it is to ask it now. For example, suppose a user’s heating and cooling preferences vary seasonally.
The optimal querying policy is to delay learning about the user’s preferences in each season until that
season arrives.
The main contribution of Chapter 5 is to develop and study EE. We present an abstract model of EE
and situate it relative to other important problems in AI. We show that our model of EE is reducible to
a partially observable Markov decision process, but the reduction is extremely expensive for the kinds
of query response and query cost functions that interest us (these functions determine the accuracy and
cost of queries depending on the current state). We then develop EE for the home heating and cooling
case, introduce a new query type that we find is particularly suited to that setting: the relative value
query, which asks users to compare their reward between two states. We develop a Gaussian process
(GP) based preference aggregation approach and show that GPs have natural synergies with relative
value queries. We test the approach in a synthetic environment and show that it achieves higher user
utility than natural baselines.

1.3

Why Study Electricity in AI?

Before continuing with the technical narrative of the thesis, we situate our research into the context of
the transformation that is occurring in electricity generation, distribution and consumption systems.
Driven by the threat of climate change, many governments have instituted greenhouse gas (GHG)
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Figure 1.1: California GHG emissions by sector. Prepared by the California Air Resources Board:
https://www.arb.ca.gov/cc/inventory/data/data.htm. MMTCO2e means million metric tons of
carbon dioxide equivalent, i.e., GHG with atmospheric impact equal to that of a million metric tons of
carbon dioxide.

emission targets. For example, the Global Warming Solutions Act of 20062 was passed in California,
instituting GHG emissions targets of 1990 levels by 2020 and 80% below 1990 levels by 2050. Williams
et al. [2012] study the problem of how to achieve such reductions, and they conclude that converting
energy use to electricity is critical. By electrifying, deep emissions cuts can be achieved by decarbonizing
electricity generation, replacing fossil fuel burning plants with generation technologies that emit less
GHG. Figure 1.1 shows GHG emissions by sector in California.
Decarbonizing electricity generation is a difficult problem that is the subject of current debate.
Williams et al. present four different decarbonization scenarios that achieve the reduction targets, but
have different impacts. Making extensive use of renewable generation, e.g., solar and wind, is an attractive option because it is the least complicated. Because its output cannot be adjusted quickly, nuclear
generation requires an end use for electricity generated beyond what is demanded, such as a large export
market. It also raises safety concerns. Carbon capture storage is far from commercialization and may
have unintended environmental impacts due to CO2 injection. Yet renewable generation is unreliable, requiring large investments in storage and transmission infrastructure, as well as more capacity, according
to the model of Williams et al. Additionally, Williams et al. find it impossible to surpass 74% renewable
penetration given the constraints of their analysis.
One way to surpass the limits of the Williams et al. model is to increase the ability of demand to
follow supply, so-called demand response. Their model assumes a limited form of demand response (see
Section 2.4.2 for more detail). By building autonomous systems that represent and act for consumers,
we can increase responsiveness (by reducing attentional costs and increasing computational capacity and
speed of decision making) while maintaining user control (rather than allowing remote control). Thus,
our objectives are motivated in a non-technical context as well as a technical one.
There is a business case as well. The average US household spends about $110 on electricity each
month,3 a number which will increase as energy consumption shifts to electricity. In addition, consumers
are buying more home automation devices, about $10 billion each year,4 with major tech companies such
2 https://www.arb.ca.gov/cc/docs/ab32text.pdf
3 According to the U.S. Energy Information Administration:
price/.
4 According to NextMarket Insights.

https://www.eia.gov/electricity/sales_revenue_
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as Google and Amazon competing for dominance in the market. These devices provide a foundation for
deploying autonomous systems into households.

1.4

Outline

Following this introduction, Chapter 2 provides technical background and reviews related work in the
following areas:
• Cooperative and non-cooperative games,
• Market design,
• Preference elicitation and mechanism design,
• Computer science and the electrical grid.
Chapters 3 and 4 focus on different aspects of the market design problem. Chapter 3 focuses on the
impact of demand “shape” on the supplier’s cost of supplying electricity, e.g., demand smoothness and
peaks. The major contributions of Chapter 3 are:
• We develop a tractable market model for matching consumers to producers while capturing many
of the complexities of electricity production and consumption (but not those pertaining to predictability of demand).
• We explore the stability properties of this model under various cost-sharing schemes.
• We develop two payment algorithms that exhibit high stability and fairness in experiments, while
allowing tradeoffs between social welfare and stability.
Chapter 4 focuses on the impact of demand predictability on the supplier’s costs. We extend prior
work in prediction-of-use (POU) games, which were proposed by Robu et al. [2017] to optimize coordination when demand predictability affects costs. We show that the POU games model has a weakness
and extend it to address that weakness. The major contributions of Chapter 4 are:
• We extend POU games to support multiple user consumption profiles, i.e., different ways of consuming electricity that each have a different value.
• We show that the extension remains convex.
• We introduce a new incentive problem that emerges from the partial observability of a user’s
realized demand profile and address that problem using separating functions.
• We experimentally test POU and MPOU games using utility models learned from electricity use
data. We show that the social welfare of MPOU games is greater than that of the fixed-rate tariff,
which is greater than that of POU games.
Chapter 5 focuses on the problem of learning user preferences, through experiential elicitation (EE),
where the cost and accuracy of queries is dependent on the user’s familiarity with the states the system
is querying about. The major contributions of Chapter 5 are:
• We introduce and motivate the EE approach in the HVAC control setting.
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• We theoretically connect optimal EE to other, well-known, problems in AI.
• We study the interplay (and synergies) of relative value queries (RVQs), which are natural in
HVAC settings, with a Gaussian-process (GP) model of preference prediction.
• We develop a system for EE in a smart-home HVAC setting using RVQs and GPs, and analyze it
empirically using a combination of real and synthetic data, showing that it accrues higher reward
than natural baselines.
Chapter 6 concludes and discusses future work.

Chapter 2

Background
This chapter presents technical background and an overview of related work on four key topics: cooperative and non-cooperative game theory, market design, preference elicitation and mechanism design,
and electricity and the smart grid. These topics are important in all the remaining chapters. Work that
is more narrowly related to the topics in specific chapters is covered in the chapters themselves.

2.1

Game Theory

We begin with a brief overview of non-cooperative games. We then spend the rest of the section on
cooperative games, which is the main game-theoretic formalism employed in Chapters 3 and 4.

2.1.1

Non-Cooperative Game Theory

Game theory analyzes interactions between strategic agents. Non-cooperative game theory was developed
first in the late 19th and early 20th century, where it appears in the theory of economic competition,
and as its own field after von Neumann’s 1928 paper “On the Theory of Games of Strategy” [von
Neumann, 1928]. The key difference between cooperative and non-cooperative games is that enforceable
agreements, e.g., contracts, are available in the former, but not the latter. We can see this difference
in the example of the prisoner’s dilemma, considering it first as a non-cooperative game and then as a
cooperative game, and showing how the outcome changes.
The classical non-cooperative prisoner’s dilemma game is as follows.1 There are two prisoners, each
suspected of a crime. Each prisoner can either stay silent or betray the other. The prosecutor offers
each a deal:
• If one betrays and the other stays silent, the betrayer will go free and the one who stayed silent
will serve a five-year term.
• If neither betrays, each will serve a year.
• If both betray, each will serve two years.
1 The

prisoner’s dilemma was created by Merrill Flood and Melvin Dresher in 1950 and formalized by Albert Tucker,
who was born in Oshawa and was an undergraduate at University of Toronto.
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Prisoner 1

Stay silent
Betray

Prisoner 2
Stay silent Betray
´1, ´1
´5, 0
0, ´5
´2, ´2

Table 2.1: A prisoner’s dilemma game.
The payoffs of the game are summarized in normal form in Table 2.1. Prisoner 1 is the row player,
whose action choice is represented by the row she chooses. Similarly, prisoner 2 is the column player.
Both players choose their action simultaneously, without being able to communicate or view any outside
information, and we read the payoff from the cell of the matrix, with the row player’s payoff occurring
first. The game is played a single time (a one-shot game).
Definition 2.1. A normal-form game xN, S “ tSi : i P N u, U “ tUi : i P N uy is a set of n players N , a
set of strategies available to each player Si and a utility function for each player Ui : S1 ˆ . . . ˆ Sn Ñ IR
that determines her payoff depending on the strategies played.
The best outcome for the group (i.e., both prisoners) would be for both prisoners to stay silent. This
outcome maximizes the social welfare or efficiency of the game by achieving an aggregate payoff of -2,
which is the highest available.
Definition 2.2. A (pure) strategy profile ~s for a normal-form game xN, S, U y is an element of S1 ˆ
. . . ˆ Sn .
Mixed strategy profiles (vs. pure strategy profiles) allow the player to play any distribution over their
strategies, instead of a single strategy. They are quite important in non-cooperative games, but do not
appear in this thesis.
Definition 2.3. Given a normal-form game xN, S, U y and a strategy profile ~s for that game, SW p~sq is
the social welfare of ~s:
SW p~sq “

ÿ

Ui p~sq.

(2.1)

iPN

Non-cooperative game theory predicts that each prisoner will always choose the betray action no
matter what the other prisoner does:
• If the other prisoner stay silent, staying silent receives a payoff of -1 and betraying receives a payoff
of 0.
• If the other prisoner betrays, staying silent receives a payoff of -5 and betraying receives a payoff
of -2.
Betraying is a dominant strategy in this game. In a single instance of the game, each prisoner maximizes
their payoff by betraying.
Definition 2.4. Given a normal-form game xN, S, U y, strategy si is a dominant strategy for player i
if, for all strategy profiles ~s´i that do not include i and all s1i P Si ,
Ui pp~s´i , si qq ě Ui pp~s´i , s1i qq.

(2.2)
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Definition 2.5. Given a normal-form game xN, S, U y, strategy profile ~s is a dominant strategy equilibrium if ~s consists of only dominant strategies.
Dominant strategies do not exist in all games. The Nash equilibrium is a more general solution
concept, i.e., a rule that predicts which actions the players will choose. A Nash equilibrium is strategy
for each player such that no player has incentive to change her strategy even if she knew the strategies
chosen by the other players.
Definition 2.6. Given a normal-form game xN, S, U y, a strategy profile ~s is a Nash equilibrium if, for
all players i P N and all strategies si P Si ,
Ui pp~sqq ě Ui pp~s´i , si qq.

(2.3)

In the prisoner’s dilemma game, both players choosing the betray action is a Nash equilibrium as well
as dominant strategy. In the case where a dominant strategy or strategies exist for a particular player,
only these strategies will appear in Nash equilibria for that player. Thus, Nash equilibria generalize
dominant strategy equilibria.
The price of anarchy [Koutsoupias and Papadimitriou, 1999] and the price of stability [Schulz and
Moses, 2003] characterize the social welfare of the best and worst Nash equilibria relative to the social
welfare maximizing outcome. These are important in Chapter 3.
The price of anarchy is the ratio of the social welfare maximizing outcome to the social welfare of
the Nash equilibrium with lowest social welfare. It can be thought of as the worst-case social cost of
self-interested behavior.
Definition 2.7. Given a normal-form game xN, S, U y, the (pure) price of anarchy is the ratio
max~sPS1 ˆ...ˆSn SW p~sq
min~sPNash SW p~sq

(2.4)

where Nash is the set of Nash equilibria of the the game.
In practice, the numerator and the denominator of the price of anarchy and price of stability are
interchanged when the payoffs of the game are negative, following the convention of the approximation
algorithms. This aligns with the intuition that a high price is not desirable. In the examples in Chapter 3,
the payoffs of the game will be positive. The price of anarchy of the prisoner’s dilemma game, which
has negative payoffs, is 2.
The price of stability is the same as the price of anarchy except the ratio is taken with respect to
the Nash equilibrium with the highest social welfare, rather than the lowest. It can be thought of as
the cost of self-interested behavior in the case where there is a coordinator or system operator, who can
propose the best Nash equilibrium to the players.
Definition 2.8. Given a normal-form game xN, S, U y, the (pure) price of stability is the ratio
max~sPS1 ˆ...ˆSn SW p~sq
max~sPNash SW p~sq

(2.5)

where Nash is the set of Nash equilibria of the the game.
Since the prisoner’s dilemma has a single Nash equilibrium, its price of stability is equal to its price
of anarchy.
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Cooperative Game Theory

Cooperative game theory [Osborne and Rubinstein, 1994] is the branch of game theory which analyzes
multi-agent interactions where agents can enforce agreements among themselves. The prisoner’s dilemma
changes dramatically if the prisoners have access to enforceable contracts and an enforcement authority
and the ability to make payments to each other. It is then in their mutual interest to form a contract
where both prisoners commit to staying silent and are subject to a penalty for betraying. If the penalty
is large enough, neither prisoner will betray the other and the maximum social welfare will be achieved.
Such a contract, if obstruction of justice is the objective, might be illegal in the real world—we will be
taking a more abstract perspective.
The assumption that the agents can make payments to each other is called transferable utility.
Cooperative game theory and mechanism design, which is the subject of Section 2.3.1, both have variants
where utility is non-transferable that are quite different. We assume transferable utility throughout this
thesis.
We also assume quasilinear utility. Quasilinear utility means that the net utility, or payoff, accrued
by an agent is equal to their utility for the outcome plus the value of the payment. This means that their
utility function is measured in terms of the units user for payments, and there are no “wealth effects,”
such as agents having decreasing marginal utility for each additional unit of payment they accrue.
It is important to note that enforceable contracts are not available in all interactions. For example,
adversarial interactions between countries were a driving force behind research in game theory in the
20th century. The enforceability of international contracts is limited, especially in a military context.
Contracts are also often forbidden is sports and games (in the ordinary sense). Predetermining the
outcome of a match, which can yield financial profits in the betting markets, is illegal.
In a cooperative game, we are not required to model the players as having individual action choices.
Instead, each player has to decide which coalition of players to join. The coalition receives a payoff that
depends only on the players it contains, and the players in the coalition have to decide how to divide
that payoff among themselves.
Definition 2.9. A cooperative game is a tuple xN, vy where N is a set of agents and v : 2N Ñ IR is the
characteristic function, mapping from each possible coalition to the payoff that coalition would receive.
The standard cooperative games model assumes that each coalition requires every member to agree
contractually to take the action that maximizes the aggregate utility of the coalition. This contract
can impose a large fine on agents who do not. The model is thus unaffected by the particular actions
available to each agent except as they affect the characteristic value of each coalition. The only strategic
decision that agents face is the choice of coalition to join. We note that the set of coalitions includes
the singleton coalitions—choosing not to cooperate is allowed by the game. There are reasons why this
assumption may be problematic in practice. For example, if the action taken by an agent is unobservable
or only partially observable, the standard contract may fail to incentivize the agent to take the action
agreed to by contract. We discuss this in more detail in Chapter 4.
We can formally model the prisoner’s dilemma as a cooperative game. We have two agents, n1 and
n2 , representing Prisoner 1 and Prisoner 2. The characteristic function is:
• vptn1 uq “ vptn2 uq “ ´2
• vptn1 , n2 uq “ ´2
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In the case where the agents cooperate, they both stay silent. When the agents do not cooperate, each
receives the payoff they would have received had they betrayed, as betraying is a dominant strategy.2
This game is superadditive because if we merge any two coalitions, the value of the resulting coalition is
greater than or equal to the sum of the values of the merged coalitions, i.e., vptn1 uq ` vptn2 uq “ ´4 ď
vptn1 , n2 uq “ ´2. Intuitively, superadditive games are those where there are no anti-synergies among
the players.
Definition 2.10. A cooperative game is superadditive if the characteristic function v is superadditive,
i.e., v satisfies vpSq ` vpT q ď vpS Y T q for any disjoint sets of agents S and T .
A coalition structure is a set of disjoint coalitions that contains all agents. Coalition structure
generation is the problem of calculating the optimal coalition structure given a characteristic function.
It is NP-complete in general [Sandholm et al., 1999], but this is unnecessary in the case of superadditive
games, where the grand coalition of all agents maximizes social welfare. In this thesis and the remainder
of this chapter, we only consider superadditive games.
Definition 2.11. The social welfare of a coalition structure CS is the sum of the characteristic function
values of each coalition in CS.
Observation 2.1. If a cooperative game is superadditive, the grand coalition has social welfare that is
equal to or greater than that of any other coalition structure.
In the case where the grand coalition maximizes social welfare, the question becomes how to divide
the value accrued by the grand coalition among its members. This is the central question in the history
of cooperative game theory. In cooperative games with transferable utility, an allocation is a payment
from to the coalition to each of its members. Note that an allocation may be negative.
Definition 2.12. An allocation is a function t : N Ñ R that describes a payment from the coalition to
each of its members.
A solution concept is a formal rule for predicting how a game will be played. There are quite a few
different solution concepts in cooperative games, and we will cover only those which are necessary for
work that appears later.
Perhaps the most important property for our allocations to satisfy is efficiency. Efficient allocations
are those which distribute the entire accrued value to the agents. Because we are assuming utility is
transferable, we do not need to distinguish between monetary and non-monetary utility.
Definition 2.13. An allocation is efficient if

2.1.3

ř
iPN

tpiq “ vpN q.

Core Allocations

The first solution concept we will introduce is the core [Gillies, 1959].3 The core is the set of efficient
allocations that satisfy a strong stability property: the payment to any set of agents is greater than or
equal to the value they would receive by forming a coalition.
2 It is easy to come up with the characteristic function in this game because each agent has a dominant strategy if the
agents do not cooperate. It can be tricky in the general case. A common strategy is to assume that each agent receives
their worst possible payoff. Cooperative games are generalized by partition function games [Thrall and Lucas, 1963], where
the payoff each coalition receives may depend on the structure of the other coalitions.
3 Donald Gillies was born in Toronto and was an undergraduate at University of Toronto.
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Definition 2.14. An allocation is core-stable if

ř
iPC

tpiq ě vpCq for any C Ă N .

Definition 2.15. A core allocation is an allocation that is efficient and core-stable. The core is the set
of all such allocations.
Intuitively, core stability means that no set of agents would benefit by defecting from (i.e., leaving)
the grand coalition to form their own. Because the core is defined by a set of weak linear inequalities, it
is closed and convex.
Observation 2.2. The set of core allocations is convex and closed under union and intersection.
In the prisoner’s dilemma game of the previous section, the core consists of all allocations where
tpn1 q P r´2, 0s and tpn2 q “ ´2 ´ tpn1 q.
Unfortunately, the core may not exist and is hard to compute NP-complete [Conitzer and Sandholm,
2006]). Core allocations always exist in two-player superadditive games. Here is an example of a threeplayer superadditive game where there are no core allocations.
Example 2.1. Let there be three players n1 , n2 and n3 . vpt1, 2uq “ vpt1, 3uq “ vpt2, 3uq “ vpt1, 2, 3uq “
1. vpt1uq “ vpt2uq “ vpt3uq “ 0. This game has no core allocation.
The problem that occurs in this game is that any two players can cooperate to achieve the entire
value of the grand coalition. When the game is played, suppose a coalition of n1 and n2 forms. n3 can
offer a larger split of the payoff to the agent receiving less in the coalition (w.l.o.g., n1 ). n1 is receiving
1/2 at most, so n3 needs to offer 1{2 `  to convince n1 to defect. However, this process will repeat
infinitely: after n1 and n3 form a coalition, n2 can offer 1{2 `  to n3 , which will be larger than n3 ’s
current payoff of 1{2 ´ .
It is worth thinking about core non-existence in superadditive games from a philosophical perspective.
In a superadditive game, agents have a strong incentive to collaborate in the abstract—doing so increases
the aggregate utility of the group. When core-stable allocations exist, they seem like a reasonable
description of the outcomes that are likely to result from playing the game, given that the players are
rational, have full information about the game, have unbounded computation and are able to defect
from their assigned group with no cost.
When core-stable allocations fail to exist, it is less clear what should happen. We can view the
situation analogously to the prisoner’s dilemma in non-cooperative games. In the prisoner’s dilemma,
the agents have a “global” incentive to cooperate, but without contracts, they cannot overcome their
“local” incentive to defect. In a superadditive game without a core allocation, agents have a global
incentive to cooperate, but even the existence of contracts is not enough to overcome the local incentive
to defect, for at least some of the agents. Nevertheless, it is not in any agent’s interest to be stuck in an
endless cycle of defections and therefore for no deal to be reached.
There are a few solution concepts that can be used in the case when core existence is not guaranteed.
In the remainder of this chapter, we discuss concepts that relax the core by challenging the assumptions
about the capabilities of the agents. In the next section, we describe the Shapley value, a completely
different approach to “solving” cooperative games that avoids the non-existence problem, but achieves
a lower standard of stability.
The standard core does not take into account the cost required to find a group of agents with which it
would be beneficial to form a coalition. We can consider a constant “defection cost”, which will increase
the number of stable allocations. Formally, strong- core allocations violate core stability by at most a
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constant , i.e., there does not exist a group of agents with an incentive of more than  to defect [Shapley
and Shubik, 1966].
Definition 2.16. An allocation is -core-stable if

ř
iPC

tpiq ě vpCq `  for any C Ă N .

Definition 2.17. A strong- core allocation is an allocation that is efficient and -core stable.
There is always a strong- core allocation for sufficiently large . An allocation that is in the strong
-core for the smallest  that yields a non-empty set is a least-core allocation [Maschler et al., 1979].
Another avenue for relaxation limits the complexity of defections considered by the model. Allocations could fail to be core because there is a very large group with an incentive to defect, but it might be
difficult in practice for the group to identify itself and/or coordinate its defection. Nash-stable allocations
are those where no individual agent has an incentive to change coalitions. Nash stability is a subtler
concept than core stability and its relaxations because it is defined relative to a particular defection
model : what payoff does an agent who defects to another coalition receive? We use Nash stability in
Chapter 3 where core-stable payments may not exist. In particular, we measure the maximum incentive
to defect of an allocation, which is equivalent to the minimum  for which a particular allocation is
-Nash-stable.

2.1.4

The Shapley Value

The Shapley value [Shapley, 1953] is an alternative solution concept that addresses some of the weaknesses
of the core, but lacks strong stability guarantees. One way to motivate the Shapley value is through the
“unfairness” of core allocations. Consider the following 2n ` 1 player superadditive game. The payoff
of any coalition is the minimum of the number of its even- and odd-numbered players, with players
numbered from 0 to 2n. In the core of this game, no even-numbered player can receive a positive payoff,
regardless of the value of n. This occurs because there is always an “extra” even-numbered player
contributing nothing to the payoff of the odd-numbered players, who will thus accept an arbitrarily low
allocation, preventing any other even-numbered player from receiving an allocation greater than that.
A way around the core’s acute sensitivity to scarcity is to think about the contributions of each agent
locally rather than globally. Suppose we pick a coalition at random from the power set of agents in the
previous example. This coalition either has: (i) more odd-numbered agents, (ii) more even-numbered
agents or (iii) the same number of each. Without loss of generality, we will neglect the last case because
we assume that n is large. Because there are more even-numbered agents, (ii) is slightly more common
than (i). If we add an odd-numbered agent to the coalition, its value will increase by one in case (i). If we
add an even-numbered agent to a coalition, its value will increase by one in case (ii). Thus, the average
contribution of even-numbered agents is only slightly less than odd-numbered agents: each should get a
payoff of around 1/2.
The Shapley value formalizes this reasoning. There are a few equivalent ways to define average
contribution—we will use join orders. We imagine the grand coalition forming by having agents join one
by one in a random order: a join order. For each such join order, we record the change in the coalition’s
value when agent ni joins. The Shapley value for agent ni is her average contribution over all join orders
(or permutations of agents).
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Definition 2.18. The Shapley value of agent ni in coalition C is
ÿ

sC piq “

SĎCztiu

|S|!p|C| ´ |S| ´ 1q!
pvpS Y tiuq ´ vpSqq
|N |!

The Shapley value of prisoner’s dilemma game is -1 for each prisoner. For the game with no core in
Example 2.1 it is 1/3 for each player, an intuitively reasonable outcome.
The Shapley value is expensive to compute exactly because there are factorially many join orders.
However, it can be approximated efficiently by sampling over join orders in the most natural way. For
each join order, calculate the marginal contribution of each agent in that join order and average them
across the orders. The resulting estimator is unbiased [Castro et al., 2009].

2.1.5

Convex Cooperative Games

Convex cooperative games are a subclass of cooperative games with particularly desirable computational
properties [Shapley, 1971]. A game is convex if its characteristic value function is supermodular. Intuitively, this means that, when an agent joins a coalition, the value it contributes never decreases as more
agents are added to that coalition.
Definition 2.19. A cooperative game xN, vy is convex if vpT Y tiuq ´ vpT q ě vpS Y tiuq ´ vpSq, for all
i P N , S Ď T Ď N ztiu.
Convex games have several useful properties (all due to [Shapley, 1971]). First, they are trivially
superadditive. Second, they always have core allocations. Third, the set of core allocations has a specific
geometry. For any join order, the allocation formed by the vector of marginal contributions of agents
in that join order is a vertex of the core. Because the core is convex, any positive weighting of vertices
yields a vector that is also in the core. Thus, the Shapley value, which is the average over all join orders,
is a core allocation, and any approximation of the Shapley value consisting of the average over a subset
of join orders is a core allocation.
Theorem 2.1 (Shapley [1971]). Let xN, vy be a convex cooperative game. Let π be a join order over N .
Then, the allocation t, where tpiq is the marginal contribution of agent i in π, is a core allocation.
Proof. Efficiency. The sum of marginal contributions, taken with respect to join order π, is equal to
the characteristic value of the grand coalition. Therefore, t is efficient.
Core stability. Let C Ď N be an arbitrary set of agents. We want to show that

ř
iPC

tpiq ě vpCq.

To do this, consider the marginal contribution each agent makes to the characteristic value of C, taken
with respect to join order π (ignoring the agents that are not in C). Because xN, vy is a convex game and
C Ď N , each agent’s marginal contribution to C w.r.t. π is weakly less than its marginal contribution to
ř
N w.r.t. π. Because the sum of the marginal contributions to C w.r.t. π is equal to vpCq, iPC tpiq ě
vpCq.
Corollary 2.1. Let xN, vy be a convex cooperative game. The Shapley value of the game is a core
allocation.
Proof. The Shapley value is the average of the marginal contributions over all join orders. Because
each marginal contribution allocation is a core allocation and the core is convex, any weighted average of
marginal contribution allocations is a core allocation. Therefore the Shapley value is a core allocation.
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We make use of convex cooperative games in Chapter 4.

2.1.6

The Duality Between Cooperative Games and Markets

Shapley and Shubik [1969] motivates the idea of using cooperative game theory to centrally coordinate
markets to achieve efficient, stable outcomes. They observe that exchange economies, which are a simple
model of agents trading commodities, can be represented as a cooperative game, which they call a
market game. They show that the market game always has core allocations, and these core allocations
correspond exactly to the equilibria of the exchange economy from the economics perspective.
An exchange economy is a market where all agents are consumers. Each agent starts with an initial
endowment of resources and has a utility function over any allocation of those resources. These utility
functions are often continuous and concave, which is required in order to guarantee the existence of an
equilibrium.
Definition 2.20. A (pure) exchange economy xNe , G, a, U y consists of a set of agents Ne , G which is
the set of admissible commodity allocations (the nonnegative orthant of a space with dimension equal to
the number of commodities in the market), a : Ne Ñ G, an initial endowment of commodities to each
player, and U “ tUi : G Ñ IRu, a utility function for each player.
This kind of exchange economy is “pure” in the sense that agents are not able to produce new units
of the commodities.
Solution concepts for exchange economies are defined similarly to those in cooperative games: they
are allocations satisfying a set of constraints. Unlike cooperative games, the allocation of goods and
the payment received by each agent are dealt with separately in the equilibrium, but the payment is
determined by the allocation and the price function of the economy. Here the prices will be linear, i.e.,
there is a constant price for each good and the payment is the sum of prices paid.
A competitive equilibrium is an allocation of commodities plus a price for each commodity that satisfies several conditions. The allocation should be feasible, i.e., no commodities are created or destroyed
relative to the initial endowments, and it should be envy-free in the sense that each agent receives an
allocation that maximizes their utility at the current prices.4
Definition 2.21. A competitive equilibrium xp, xy of an exchange economy xNe , G, a, U y consists of a
price function p : G Ñ IR and an allocation x : Ne Ñ G of commodities to agents, satisfying the following
properties:
• x is feasible:

ř
iPNe

apiq “

ř
iPNe

xpiq.

• x is envy-free under p: for any agent, for any y P G,
Ui pxpiqq ´ ppxpiq ´ apiqq ě Ui pyq ´ ppy ´ apiqq

(2.6)

If we assume that the utility functions are continuous and concave, a competitive equilibrium can be
found by maximizing social welfare across the set of feasible allocations, which is a convex optimization
problem. The prices are the shadow prices of the optimization, which exist because the constraints
are linear. We will see that the payments under the competitive equilibrium are core payments in the
naturally induced cooperative game.
4 Note

that this is a slightly different definition of envy-freeness from the one used in Chapter 3.
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A market game is a cooperative game that models an exchange economy. The “coalitions” are groups
of agents that trade only with each other and the characteristic value of a group of agents is the maximum
sum of the valuation functions of those agents over all possible trades. Note that because agents in a
coalition can always decide not to trade with each other, the game is superadditive.
Definition 2.22. A cooperative game xNc , vy is a market game of an exchange economy xNe , G, a, U y
if xNc , vy satisfies:
• The set of agents is the same, i.e., Nc “ Ne .
• For all C Ď Nc , vpCq “ maxx

ř
iPC

Ui pxpiqq subject to

ř
iPC

xpiq “

ř
iPC

apiq.

Shapley and Shubik [1969] show that the payoff vector of a competitive equilibrium of an exchange
economy is a core allocation of the market game.
Theorem 2.2 (Shapley and Shubik [1969]). Let xNe , G, a, U y be an exchange economy and xNc , vy be a
market game. There there exists a competitive equilibrium xp, xy such that tpiq “ Ui pxpiqq ´ ppxpiq ´ apiqq
is a core allocation of xNc , vy.
Proof. Let y : Ne Ñ G be a feasible allocation in the exchange economy that achieves the value vpNc q in
the market game. Because y is the result of a convex optimization with linear constraints, there exists
a linear price function q such that, for each i P Ne , the expression Ui pxpiqq ´ ppxpiq ´ apiqq is maximized
when xpiq “ ypiq and p “ q. Thus, xy, qy is a competitive equilibrium of xNe , G, a, U y.
ř

We will show that tpiq “ Ui pypiqq ´ qpypiq ´ xpiqq is a core allocation of xNc , vy. Remark that
ř
iPNc tpiq “
iPNc Ui pypiqq because y is feasible. Thus, t is efficient.
Let C be an arbitrary subset of Nc , and let yC be an allocation in the exchange economy that

achieves the value vpCq. Because y maximizes Ui pxpiqq ´ qpxpiq ´ apiqq, it follows that tpiq ě Ui pyC piqq ´
ř
ř
ppyC piq ´ apiqq for all i P C. Summing over i P C yields iPC tpiq ě iPC Ui pyC piqq ´ ppyC piq ´ apiqq “
ř
iPC Ui pyC piqq because yC is a feasible allocation for C. Thus, t is core-stable.
This correspondence suggests that the core captures key properties of a competitive equilibrium. We
use this observation to motivate modeling markets as cooperative games, which is advantageous because
shadow prices of the optimization often fail to exist.

2.2

Market Design

In this section, we provide a brief overview of work in market design in both economics and computer
science. Market design is particularly useful in markets with constraints, complementaries and externalities. By constraints, we refer to allocations that are infeasible in an unusual way. For example, the
output of coal-based plants can only be adjusted over a timespan of hours. Thus, they can only serve
demand profiles, i.e., vectors of consumption over time, that are sufficiently smooth. Complementarities
and externalities occur when the allocation to one agent affects the allocation or utility of another, in
a positive or negative way, respectively. These do not arise in the electricity markets we study, but
complementarities play a large role in the medical resident matching problem described in the next
section.
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Without market design, the presence of these features causes self-interested behavior among consumers to result in inefficient economic outcomes. The complexities and the economics of generation
cause these features to arise in electricity markets.
We are particularly interested in exploiting the fact that consumers have preferences over different
consumption bundles in ways that are not captured by current pricing schemes. This is the main focus
of Chapters 3 and 4. Consumers of electricity are generally willing to shift or reduce their demand
to a certain extent if they are sufficiently compensated. This makes cooperation valuable. Under a
cooperative game theoretic approach, coalitions can offer subsidies to individuals to behave in a way
that fits with the desired consumption of the rest of the coalition. These subsidies may result in prices
that appear similar to time-of-use or critical peak prices, but they are fully adaptable to circumstances
(i.e., they need not be set in advance). In addition, agents with off-peak demand pay significantly less
because their demand helps flatten the aggregate demand profile of the coalition.
Section 2.2.1 provides an overview of market design’s goals and history via Roth [2002]. Then,
Section 2.2.2 discusses contributions to market design by computer scientists.

2.2.1

Market Design in Economics

Roth [2002] provides an overview of successes in the area of market design, particularly those in the
1990s. The technical models are not described in this section in detail because they are not relevant
to the main content of the thesis, but it is worth noting that they are instances of cooperative games
with non-transferable utility. Because utility is non-transferable, they use different solution concepts
from those introduced so far, but they have the same goals of maximizing social welfare and achieving
stability, and similar computational difficulties.
Market design, according to Roth, describes the imposition of rules on environments where agents
are exchanging goods or services. The development of successful market rules has occurred “organically”
(i.e., without central supervision or coordination) in many areas, particularly those where money can
be used to facilitate transactions and/or goods can be inexpensively stored and transferred. There
have also been several notable successes in imposing external rules of exchange in situations where the
organically developed systems had major shortcomings. These scenarios often have some of the following
features: (i) money can’t be used; (ii) the use or exchange of goods or services is subject to constraints,
externalities or complementaries; and (iii) the scale of the market is very large.
Roth’s area of primary focus is the National Resident Matching Program (NRMP), where medical
residents are assigned to residency programs at hospitals. Roth and Peranson [1999] formalize the NRMP
problem as a two-sided, many-to-one, stable matching problem. Each hospital residency program is
matched to one or more residents subject to feasibility constraints, primarily capacity. The goal is to
find a stable matching that satisfies the constraints. They use a form of Nash stability: no resident and
program would both prefer to be matched to each other over their current assignment. The resulting
problem is NP-complete [Ronn, 1990].
This NRMP has all three of the properties that make market design valuable, according to Roth. The
constraints on the market are dependencies between the residents that are accepted at each program.
The acceptance of a resident in one program may reduce the capacity of another. For example, while
most programs are one year long, there are some programs that have both one- and two-year variants.
Thus, each resident enrolled in the two-year variant of a program reduces the capacity of the one-year
subprogram by one. There are also parity constraints on the number of residents accepted by each
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Figure 2.1: The history of designed markets from the 1990s from Roth [2002], including whether each
had survived (up to the publication of the paper in 2002) and whether each is stable.

program, and there is a complementarity in the form of residents in couples (e.g., spouses), where the
preferences of one member of a couple depends on the other’s assignment. The NRMP matched around
20,000 residents per year at the time of the redesign and now matches more than 30,000 [Program, 2013].
The system Roth and Peranson developed to match residents to programs (henceforth, RP) has
several features that distinguish it from the previous techniques used to address the problem. First, it
has a game-theoretic guarantee of stability, meaning that agents in the market cannot benefit by making
side deals after the mechanism has made its assignment (at least in the case of defections of pairs of
agents). Figure 2.1 reproduces Roth’s comparison of designed markets up until 2002, whether they were
stable and whether they survived. With the exception of the Cambridge and London Hospital markets,
only stable markets survived. This is a key result in market design and has led to making stability a key
design goal in most designed markets.
Second, RP is motivated on a theoretical level by simpler models. While the NRMP is too complex
to reason about in its full generality, theoretical results for simpler models can be surprisingly predictive
of how the market works in practice. Roth draws an analogy with bridge building: it benefits from both
scientific (i.e., theoretical) and engineering (i.e., empirical) understanding.
Third, RP was empirically tested for strategy-proofness, that is, how much agents can benefit by
strategically misreporting their preferences. One of the major issues that led to the construction of RP
was a perception that the existing mechanisms were easy to manipulate, and these and various related
concerns have been constant throughout the history of the NRMP. Since strategic issues were seen as
very important, Roth designed the system to take them into account. It has been satisfactory and
enduring.

2.2.2

Market Design in Computer Science

Computer science has had an impact on market design in three main problem areas: stable matching,
kidney exchange, and combinatorial auctions. All three problems can be modeled as cooperative games,
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but are not always referred to as such in the literature. Stable matching and kidney exchange are
cooperative games with non-transferable utility, but they have developed their own language that mostly
avoids the use of explicit concepts from cooperative game theory. Combinatorial auctions fall under the
cooperative game-theoretic umbrella because they involve economic interactions where contracts are
present, but the cooperative game theoretic framework is less useful because there is usually only a
single seller or single buyer.
All three of these problems have in common that they involve significant computational challenges
on the side of the market coordinator, which is why they are attractive problems in computer science.
Some, particularly combinatorial auctions, also present computational challenges on the side of the
market participant.
The main contributions from computer science to the stable matching problem are algorithmic improvements or extensions to RP. RP is incomplete—it may fail to find a stable matching even if one exists.
It is possible to use general solvers for NP-complete problems, such as constraint programming, integer
programming and satisfiability to achieve completeness, usually at the cost of significantly slower computation. Work from this perspective includes work by the author (Drummond et al. [2015] and Perrault
et al. [2016]) and others [Biró et al., 2014; Gent and Prosser, 2002; Prosser, 2014; Manlove et al., 2007;
Gent et al., 2001; Unsworth and Prosser, 2005]. Another contribution from computer science is to extend
the market model, allowing for additional constraints, complementarities or externalities. Many of the
above papers do this as well, as it is often made easier by using a complete solver, but there is also work
to extend RP, such as Goto et al. [2016].
Kidney exchange is an example of a market design problem where much of the initial implementation
was done in computer science. The setting for kidney exchange [Abraham et al., 2007] is the following:
a group of patients need kidney transplants. Each is paired with a willing kidney donor with whom
they are not compatible. The goal is to transplant as many kidneys as possible while respecting the
constraints that (i) for each patient who receives a kidney, their donor donates a kidney and (ii) there
are no donation cycles longer than a certain length, which is usually two to four patients. The latter
condition enforces a type of stability: the cycles should be short enough that all the transplants can
happen simultaneously, which prevents any donor from backing out after the person they are paired
with has received a kidney. Kidney exchange is less game-theoretic than the other problems discussed
in this section: there are no incentive conditions and no stability conditions other than the short chains
constraint. The major difficulties are computational, i.e., developing fast algorithms that find a lot of
matches, and extending the model to integrate more realistic features of the problem, such as donation
failures [Dickerson et al., 2013].
Combinatorial auctions are a type of auction where bidders’ utility functions for receiving sets of items
may be arbitrarily complex. The real-world example that motivates a lot of work in the area is wireless
spectrum auctions where buyers’ utility functions often depend on how much contiguous spectrum they
receive. Because of the complexity of the bidders’ utility functions, the problem of optimizing the set
of items that each bidder receives with respect to the received bids is a challenge in itself [Rothkopf et
al., 1998]. The other key aspect of combinatorial auctions is how the bidders communicate their utility
functions to the auctioneer. We will discuss the preference elicitation aspect of combinatorial auctions
in Section 2.3.3 because of its relevance to Chapter 5.
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Eliciting Preferences of Market Participants

Eliciting the preferences (or utility functions) of market participants has a different role in each of the
three problems discussed in the previous section. In the standard formulation of kidney exchange, there
are no preferences at all, only donor compatibilities measured by a medical test. In stable matching,
preferences have a simple form: each agent on each side of the market ranks the agents on the other
side. Preference elicitation in combinatorial auctions (CAs) is the most involved: preferences may be
exponentially sized in the number of items and are usually elicited incrementally over a period of time
(which may be days in a large auction) for that reason.
Preference elicitation in electricity markets is most similar to CAs, but differs in a few key ways. Like
CAs, preferences for electricity consumption are complex, but the source of complexity is different. CAs
have synergies and anti-synergies between items and sets of items. Electricity consumption preferences
are context-dependent and coupled across time, e.g., deferring consumption in one time period due to
high prices affects your preferences in another time period. Another key difference is that CAs have
most often been studied in the context of business interactions between companies that are willing to
spend time and money to understand their preferences to increase their profits. Individuals consume
electricity in a way that is mostly based on intuition. The median US household spends about 2% of
its income on electricity and thus is only willing to spend a limited amount of attention on electricity
optimization.
To understand strategic considerations in preference elicitation, a brief background on the problem
of mechanism design is useful. In mechanism design, agents have unknown preferences and the goal is to
maximize an objective function that depends on the unknown preferences. Critically, mechanism design
studies the incentives of agents to misreport their preferences in order to achieve a better outcome. CAs
and all auctions are all instances of mechanism design.
In the first of the four subsections of this section, we provide an overview of mechanism design. In
the second subsection, we present the critical Vickrey-Clarke-Groves (VCG) mechanism, which provides
a framework under which agents are incentivized to report their preferences truthfully. This allows the
preference elicitation problem to be separated from the market design problem, under certain conditions.
The remaining two subsections exploit the VCG result to focus on preference elicitation, liberated
from strategic concerns. In the third subsection, we study the question of query type in preference
elicitation: what form of queries should the elicitor ask the agents? We use the context of combinatorial
auctions as a concrete example, but many query types are transferable to other preference elicitation
settings.
In the fourth and final subsection, we discuss the question of query strategy: given the choice of
query type, what specific queries should the elicitor ask the agents?

2.3.1

Mechanism Design

We first present an overview of mechanism design [Shoham and Leyton-Brown, 2008], a generic framework for modeling auctions and other strategic interaction where a principal decides an outcome and
payments given the reported preferences of a set of agents N . Each agent i P N has a type θi , which typically represents the agent’s utility function, known only to the agent. The principal specifies a function
y (the so-called mechanism) that maps from the vector of reported types to an outcome and a payment
to each agent. This function is revealed to all agents before they choose which type to report—the agents
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may report strategically, i.e., a type that is not the same as their true type. After the types are revealed,
the mechanism is executed, yielding an outcome and a payment to be made to each agent. The goal of
the principal is to find a y such that each agent is incentivized to report their true type and the outcome
maximizes the principal’s objective—for example, to maximize the aggregate utility of the agents. The
goal of each agent is to maximize her payoff, which is her utility for the outcome plus the payment she
receives (agents are assumed to have quasilinear utility).
Definition 2.23. A mechanism design problem xN, O, Θ, tθi u, U y consists of a set of n agents N , a set
of outcomes O, a set of types Θ, a type for each agent θi , and a utility function U : Θ Ñ pO Ñ IRq
specifying the payoff of each outcome to an agent of each type.
Definition 2.24. A mechanism y “ xf, ty consists of a social choice function f : Θn Ñ O, mapping
from type reports to outcomes, and a payment function t : Θn Ñ IRN , mapping from type reports to
payments to each agent.
The mechanism design interactions proceed as follows:
1. The principal specifies a mechanism y, and it is revealed to all agents.
2. Each i P N reports a type θ̂i , yielding a type profile θ̂ “ tθ̂1 , . . . , θ̂n u.
3. The mechanism y “ xf, ty is executed, yielding outcome f pθ̂q and payments tpθ̂q.
4. Each agent i receives utility according to her payoff function:
U pθi qpf pθ̂qq ` tpθ̂qpiq.

(2.7)

Formally, the principal’s objective is to choose y to induce an outcome o that maximizes the sum of
agent utilities under their true types:
ÿ

U pθi qpoq.

(2.8)

iPN

The principal may also care about the revenue they receive, i.e., the sum of payments, but this thesis
does not consider that case.
Mechanism design is a generic framework that includes any kind of auction, including combinatorial
auctions. Stable matching and kidney exchange can also be formulated as mechanism design problems,
but because there is no transferable utility, the model differs somewhat from the one we present in this
subsection. As in cooperative game theory, we restrict our focus to the transferable utility case because
the technical chapters allow payments.
The key difference between mechanism design and the market design problems of the previous chapter
is that mechanism design emphasizes that the agents report their preferences to the principal and may
not report truthfully if it is in their interest not to do so. A mechanism that incentivizes the agents to
report truthfully is called incentive-compatible or strategy-proof or simply truthful.
The strongest form of incentive-compatibility is dominant strategy incentive compatibility (DSIC).
Recall from the prisoner’s dilemma example in Section 2.1.2 that an agent has a dominant strategy if it
maximizes her utility to follow that strategy, no matter what the other agent do. DSIC makes reporting
truthfully a dominant strategy for each agent.
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Definition 2.25. A mechanism y “ xf, ty is dominant strategy incentive compatible for a mechanism
design problem xN, O, Θ, tθi u, U y if, for each agent i P N , any set of reported types by the other agents
θ̂´i , and any profile θi1 P Θ:
U pθi qpf ppθi , θ̂´i qqq ` tppθi , θ̂´i qqpiq ě U pθi qpf ppθi1 , θ̂´i qqq ` tpθi1 , θ̂´i qqpiq

(2.9)

The left side of the equation represents agent i’s net utility when she reports her type truthfully and
the right side represents her net utility when she reports θi1 , potentially untruthfully.
As is the case with core stability in cooperative games, there are various relaxations of DSIC. One
example is when truthfulness is a Nash equilibrium—the net utility of agent i is maximized if she reports
truthfully, given that all other agents do.
We present an example of a DSIC mechanism for concreteness and to motivate the VCG mechanism
(because VCG generalizes this mechanism). Consider a single-item auction. There is a set of agents
N competing for a single item that the principal is selling. The type space consists of the potential
valuations of the item, which we will allow to be any real number.
Definition 2.26. A single-item auction xN, U y consists of a set of n agents N and a utility function
U “ tUi : IRu for each agent representing the value of the item to that agent. If an agent does not
receive the item, they receive zero utility.
A DSIC mechanism for single-item auctions is the second-price auction formalized by Vickrey [1961].
Definition 2.27. A second-price auction xf, ty is a mechanism for a single-item auction xN, U y. f
assigns the item to the agent with highest reported value—the winner. tpiq is zero except for the winner,
who pays the second-highest reported valuation.
Theorem 2.3 (Vickrey [1961]). A second-price auction is DSIC for a single-item auction.
Proof. Consider an arbitrary agent i who reports her valuation truthfully. We will show that i cannot
increase her net utility by reporting any other valuation.
• Suppose i is the winner. Notice that i’s net utility is non-negative because her payment is less
than her valuation.
If she increases her valuation, the winner of the auction will not change and her payment will not
change—thus, her net utility is unaffected.
If she decreases her reported value, either she will remain the winner or another agent j will become
the winner. If she remains the winner, her net utility is unaffected, as in the previous case. If a
new winner j is selected, i’s net utility becomes zero, which is less than it was when she was the
winner.
• Suppose i is not the winner. i’s net utility is zero—she does not receive the item, but also does
not make a payment. If she decreases her reported valuation, her net utility is unaffected because
she will never become the winner and her payment will remain zero.
If she increases her reported valuation, she will either win the item or not. If she wins the item,
her net utility is negative because she is paying more than the item is worth to her. If she does
not win the item, her net utility is unaffected.
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We can say that the second-price auction maximizes social welfare in a single-item auction, assuming
that the agents follow their dominant strategies.
Definition 2.28. The social welfare of an outcome o P O is

ř
iPN

U pθi qpoq.

If agents report truthfully, the second-price auction assigns the item to the agent with highest valuation, maximizing social welfare.
Note that the second-price auction does not say anything about how the agent’s utilities are elicited
by the auctioneer. The simplest procedure would be to ask all of the bidders what their utility for the
item is, which is called a sealed-bid auction. Incremental elicitation procedures can achieve the same
outcome with less information. Because the only pieces of information the second-price auction needs are
the utilities of the highest and second-highest bidders—the values of the other bidders have no impact
on the outcome or the payments—an incremental procedure can reduce the amount of information
communicated between the bidders and the auctioneer significantly.
An example of a common incremental procedure is the ascending (English) auction. The ascending
price auction begins with a minimum price. Then, iteratively:
1. Request a bid at the current price.
2. If no bid is received, terminate the procedure and assign the item to the last bidder.
3. If a bid is received, increment the price.
The outcome of this auction approaches the second-price auction as the bid increment approaches zero.
In the case of a zero bid increment, the price increases until there are only two agents that are still
bidding, the highest bidder and the second-highest bidder. When the auction terminates, the highest
bidder receives the item and pays the value of the second highest bidder.
It is important to note that the second-price auction, while highly resilient to misreporting by individuals, is somewhat vulnerable to misreporting by small groups. In particular, the top bidder can
pay the second highest bidder to lower her report. More generally, the top bidder benefits by any other
bidder lowering her report. This issue will return in the next section.

2.3.2

The Vickrey-Clarke-Groves Mechanism

The second-price auction can be extended to a DSIC mechanism for a generic mechanism design problem
that yields the social welfare optimal outcome if all agents report truthfully: the Vickrey-Clarke-Groves
(VCG) mechanism. This is a critical result that we make use of in the following two subsections. It
allows us to view the preference elicitation problem separately. It does not matter how we elicit agent’s
utility functions because they will be incentivized to respond truthfully as long as we run VCG.
The VCG mechanism can be motivated by considering the mechanics of the second-price auction.
Each agent in the second-price auction pays exactly the externality she imposes on the social welfare of
the other agents, i.e., her payment to the principal is equal to the other agents’ aggregate utility loss
as a result of her participation in the mechanism. For agents who do not receive an item, this is zero,
i.e., if the agent were removed from the auction the result would be unaffected. The winner imposes
an externality on the agent who would have received the item had the winner not received the item.
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The amount of this externality is equal to the second-place agent’s valuation, which is exactly what the
winner pays.
Definition 2.29. The Vickrey-Clarke-Groves (VCG) mechanism y “ xf, ty is a mechanism for a mechanism design problem xN, O, Θ, tθi u, U y. The social choice function f maximizes social welfare with
respect to the reported types:
f pθ̂q “ argmax
oPO

ÿ

U pθ̂i qpoq

(2.10)

iPN

The payment function t pays to each agent i the aggregate utility of the other agents plus an arbitrary
function hi pθ̂´i q (the pivot rule) that depends only on the reports of the other agents.
tpθ̂qpiq “

ÿ

U pθ̂j qpf pθ̂qq ` hi pθ̂´i q

(2.11)

jPN :j‰i

Remark that if we set hpθ̂´i q to be zero, the mechanism always pays the agents, which is unusual.
We can remedy this by using the Clarke pivot rule, an adjustment to the payments that makes them
equal to the externality each agent imposes on the others as a result of their participation.
Definition 2.30. The Clarke pivot rule for VCG is
hi pθ̂´i q “ ´ max
oPO

ÿ

U pθ̂j qpoq

(2.12)

jPN :j‰i

Under the Clarke pivot rule, remark that for single-item auctions, the VCG mechanism is exactly
equivalent to the second-price auction. In general, the Clarke pivot rule ensures that the mechanism’s
revenue is non-negative.
Observation 2.3. Given a mechanism design problem, running the VCG mechanism with the Clarke
pivot rule yields a non-positive payment to each agent.
In addition, VCG payments with the Clarke pivot rule satisfy the condition that the agent is better
off having participated in the mechanism rather than abstaining from reporting a type. This condition
is known as individual rationality.
Observation 2.4. Given a mechanism design problem, the VCG mechanism with the Clarke pivot rule
satisfies individual rationality.
We can show that VCG is DSIC by remarking that, ignoring the pivot rule for now, net utility
received by each agent is exactly equal to the social welfare of the selected outcome. Then, because the
pivot rule depends only on the reports of the other agents, it does not affect agent i’s incentives.
Theorem 2.4 (Vickrey [1961], Clarke [1971] Groves [1973]). The VCG mechanism is DSIC for a mechanism design problem xN, O, Θ, tθi u, U y.
The VCG mechanism maximizes social welfare in a mechanism design setting assuming that agents
follow their dominant strategies.
The VCG mechanism has significant consequences from a preference elicitation perspective. If the
principal announces that he will run the VCG mechanism, it does not matter how the preference information is gathered—the agents will have no incentive to misreport. The principal has to be careful
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to gather all of the necessary information to run VCG because missing some of it can give agents an
incentive to misreport. Here is an example.
Example 2.2. Consider a mechanism design problem with two agents and two outcomes, o and o1 . The
agents’ utility functions are U1 poq “ 0, U1 po1 q “ 1, U2 poq “ 2, and U2 po1 q “ 10. The principal announces
that she will run the following mechanism:
1. Suppose she assumes that U1 poq “ 0 and U1 po1 q “ 1. She will query agent 2 for the value U2 poq “ 2.
All values that she has not queried or assumed (i.e., just U2 po1 q), she will assume are 0.
2. She will execute VCG with the Clarke pivot rule on the results.
If agent 1 reports truthfully, she will receive a net utility of U2 poq`U1 poq´U1 po1 q “ 2 because outcome
o will be selected. If she instead reports U2 poq “ 0, she will receive a net utility of U2 po1 q`U1 po1 q´U1 po1 q “
10.
VCG is computationally no harder than maximizing social welfare, excepting for the arbitrary complexity of the pivot rule. Under the Clarke pivot rule, we have to maximize social welfare once for each
agent, which may or may not be a problem depending on the complexity of that calculation and the
number of agents. It is worth noting that Facebook uses the VCG mechanism in its ad auctions.
As is the case with the second-price auction, VCG is vulnerable to collusion among agents. Because
each agent’s payment is dependent on the reports of the other agents, collusion among agents can reduce
all payments to the mechanism to zero.
Example 2.3. Consider a mechanism design problem with three agents and three outcomes. The utility
functions are given in the table below.
Outcome

Agent

1

o1
3

o2
2

o3
1

2

2

1

3

3

1

3

2

Running VCG with the Clarke pivot rule yields an arbitrary outcome—say o1 . Agent 1 pays 2, agent
2 pays 1 and agent 3 pays 0. If agent 2 reduces U2 po3 q to 1 and agent 3 reduces U3 po2 q to 2, then
no agents make any non-zero payments while achieving the same outcome. Agents thus have a strong
incentive to collude if they can gather enough information about the other agents. Collusion is strictly
beneficial for all of the agents in the example above in the case that agent 3 receives a payment of at
least  from agent 1 or 2.

2.3.3

Preference Elicitation and Query Types

Using the VCG mechanism, we can treat the preference elicitation problem separately because agents
are incentivized to report truthfully. We focus on the preference elicitation problem in this and the next
subsection. In this subsection, we discuss the choice of query type: what is the form of the questions the
principal should ask the agents? In the next section, we discuss query strategy: given a choice of query
type, what specific queries should the principal ask?
We will use the CA domain as a concrete example to discuss query types, but many of the query
types are transferable to other settings. We begin with a brief overview of the CA problem. Solving a
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CA consists of solving two related problems. The first is winner determination: given a CA instance,
allocate the items in a way that maximizes the aggregate utility of the bidders, i.e., maximize social
welfare. The second is to elicit the utility functions from the agents, a necessary prerequisite to winner
determination.
We will begin with a formal definition of CAs [Cramton et al., 2005].
Definition 2.31. A combinatorial auction (CA) is a tuple xN, M, U y where N is a set of n agents, M
is a set of m distinct, indivisible items, and U “ tUi : 2M Ñ IRu is a utility function for each agent.
In order to formalize the winner determination problem, we need to specify the model of an allocation.
Definition 2.32. An allocation a : N Ñ 2M is a mapping from each player to a set of items she receives.
An allocation a is feasible if it allocates each item to at most one player: for each item j, |a´1 pjq| ď 1.
The winner determination problem is to find a feasible allocation that maximizes social welfare, where
social welfare is the aggregate utility of the agents.
The set of feasible allocations is our outcome space from a mechanism design perspective.
Like most other interesting problems in market design, winner determination is hard. There is an
exponential number of allocations and no structure to the utility functions in the worst case. It can be
shown to be NP-complete by reduction to weighted set packing.
Theorem 2.5 (Rothkopf et al. [1998]). The winner determination problem is NP-complete.
NP-completeness is not necessarily a problem in practice. CAs can be formulated as integer programs
in a straightforward way, allowing many of the spectrum auctions around the world to be run on an
ordinary desktop computer. The exact form of the integer program depends on the way the utility
functions are communicated to the auctioneer, the so-called bidding language.
Sandholm and Boutilier [2006] provide an overview of the preference elicitation problem in CAs.
They remark that many auctions can be viewed as instances of a framework (quoting directly):
1. Let Ct denote information the elicitor has regarding bidder valuation functions after iteration t of
the elicitation process. C0 reflects any prior information available to the auctioneer.
2. Given Ct , either (a) terminate the process, and determine an allocation and payments; or (b)
choose a set of (one or more) queries Qt to ask (one or more) bidders.
3. Update Ct given response(s) to query set Qt to form Ct`1 , and repeat.
Note that the ascending auction described in Section 2.3.1 is an instance of this framework.
The choice of query type is critical. If the kinds of queries that may be asked are not limited, we
could query the entire valuation functions in a single query. There is a general trade-off between the
amount of information a query provides about the user’s valuation function and how difficult that query
is to answer—the cognitive cost. The authors describe four types of queries: demand, value, order, and
bound-approximation, which we present in roughly decreasing order of cognitive cost.
Demand queries ask a buyer which bundle she would purchase given a particular set of prices, which
may be linear or non-linear with respect to the items. Almost all of the procedures for CAs that are
used in practice use demand queries. Blumrosen and Nisan [2010] study the computational properties
of demand queries and find that demand queries achieve the best possible approximation ratio of social
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welfare of any of the query types under the constraint of polynomially-sized communication. They also
show that demand queries can efficiently simulate a number of other query types.
On the other hand, Blumrosen and Nisan [2010] remark that it is important to consider the additional
burden that demand queries put on bidders compared to other query types. A few studies in the
experimental economics literature [Scheffel et al., 2012; Bichler et al., 2013] that show that people
struggle to receive a high value from demand query-based CAs in a lab setting. In particular, they focus
on a limited search space prior to the auction and have a hard time adjusting when prices become high
enough that they should switch their target bundles. In large-scale CAs, the bidders often have to solve
a hard optimization problem to determine their most preferred bundle at a particular price.
The most prevalent alternative to the demand query is the value query, where the elicitor may ask
the buyer directly for the value of any bundle. In earlier work in CAs, before demand queries became
the predominant choice in practice, value queries were evaluated on their own merits. Hudson and
Sandholm [2004] show that making queries about bidder-bundle pairs that may have high value or are
likely to be matched to a bidder outperforms random queries in experiments. They show that any
deterministic evaluation policy using value queries can be tricked in the sense that an instance can
be constructed where they must make all possible queries, whereas the random query policy will save
queries in expectation on every instance. Recent work on value queries, such as Brero et al. [2017],
emphasize how value query-based approaches can be superior to those based on demand queries. They
use a machine learning-based approach that we will return to in the next section.
We conclude by briefly describing two less-studied query types. Bound-approximation queries ask an
agent to tighten its lower and upper bound on the value of a bundle. These queries were motivated by
the model where each agent runs an anytime algorithm to determine its value for each bundle [Hudson
and Sandholm, 2004] and is effective in that setting.
Order queries ask a buyer which of two bundles they prefer. These result in qualitative preferences
(rankings) since the value of bundle can never be fully determined. Order queries have the advantage
of being particularly cognitively cheap because they have yes/no answers. Hudson and Sandholm [2004]
find that, in a setting where the principal has access to both order and value queries, it is worth mixing
them only if order queries cost 10% or less than value queries, and otherwise it is better to use value
queries only.

2.3.4

Query Strategies in Preference Elicitation

The query strategy describes what queries to ask the agents given the principal’s current information,
i.e., step 2 of Sandholm and Boutilier’s [2006] framework. We restrict our attention to strategies for
value queries in this section, both for simplicity and because they are the most studied query type from
this perspective. In many cases, the strategies are applicable to other query types as well. For a concrete
setting, we refer to the analysis done by Charlin et al. [2012], which studies the problem of matching
reviewers to papers for a conference from an active learning perspective. While not a CA, it is very
similar from this perspective, and it provides the most complete analysis of query strategy selection.
We will refer to work on CAs as well. The choice of query strategy will be of particular importance in
Chapter 5 where we introduce a new query type: the relative value query.
It is important to note that most deployed procedures use a demand-query-based meta-strategy that
is a generalization of the ascending auction to multiple items [Leyton-Brown et al., 2017; Ausubel et al.,
2006; Ausubel, 2004]. At each iteration of the elicitation, all agents respond with what bundles they
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would purchase at the current posted prices. The elicitor then raises the prices on the bundles that are
demanded by multiple agents, until a feasible allocation is found. This section focuses on alternatives
to that approach which may place less cognitive burden on the agents.
In Charlin et al.’s model, each reviewer has a suitability for each paper, and the objective is to
maximize an aggregate suitability score subject to the constraints that each paper must have at least
a minimum number of reviewers and that no reviewer may be assigned more than a certain number of
papers to review. They assume that all reviewers report truthfully to the mechanism and use an integer
program formulation for the optimization.
How does this setting compare to a CA? The major simplifying assumption is that agent utility
functions are assumed to be linear, i.e., the value of a bundle is equal to the sum of the values of
its items. This is a major simplifying assumption that, in particular, allows Charlin et al. to easily
apply machine learning to predict the value of items based on the queries asked so far. In the standard
CA setting, machine learning is more difficult to apply. It is easy to make predictions, but difficult
to apply the predictions to the winner determination problem without querying the machine learning
algorithm separately for each bundle. Brero et al. [2017] present an approach that overcomes these
limitations—through clever use of support vector regression as the prediction algorithm, they solve the
winner determination problem efficiently.
Other than the assumption of linear utility functions, the differences between the paper matching
setting and CAs have little impact. The most obvious difference is that no payments are allowed, but
since the agents are assumed to be truthful, payments are not needed to align the bidder’s individual
net utilities with social welfare. They also use a different feasibility constraint—“each paper must be
assigned to at least a certain number of reviewers and each reviewer must be assigned at most a certain
number of papers”—rather than the CA feasibility of “each item must be assigned to at most one agent”.
This change in constraints has little impact on elicitation with value queries.
The ideal myopic strategy for elicitation would be to query the reviewer-paper pair that has the
highest expected value of information—the expected improvement in the objective function relative to
the value of the current best matching. However, the authors report that this is too expensive to
compute, and they instead test several heuristic querying schemes.
They present two naive strategies that do not take into account the current matching. One is to
query the suitability score with highest uncertainty in their prediction model, and the other queries
the score with highest estimated mean that has not yet been queried. Then, they present three more
sophisticated strategies that take into account the current matching. The simplest of these is to query the
reviewer-paper pair with the highest estimated score that is currently matched together in the suitabilitymaximizing matching. The gist of the strategy—to take the solution that looks the best and query some
part of it that maximizes an objective—is sometimes referred to as current solution elicitation after
Boutilier et al. [2006]. The aforementioned Brero et al. [2017] uses a similar strategy in CAs: at each
step, they query every agent-bundle pair that is currently assigned by winner determination that has
not yet been queried. In Charlin et al., this strategy has the weakness that the queried reviewer-paper
pair may have very low uncertainty.
Empirical Results
Charlin et al. run an empirical analysis of the different query strategies on several different data sets,
including paper bidding data from a conference. The authors found that the two naive strategies, un-

Chapter 2. Background

30

certainty sampling and querying the reviewer-paper pair with highest estimated score, are outperformed
by querying uniformly at random. The remaining three strategies, which take into account the current
matching, outperform random querying in all of their tested domains, indicating that taking the current match into account is critical. It is worth noting, however, that even the best performing strategy
outperforms random querying by 5% at most.
Sandholm and Hudson [2004] find that taking the current solution into account in query selection has
a large impact in a CA domain, without a machine learning model. They compare the effectiveness of
randomly querying an allocatable bundle-agent pair, i.e., a bundle-agent pair that appears in a potential
solution to the winner determination problem for some completion of the preferences, to querying a
random bundle-agent pair. In their experimental setting (synthetic CA problems), they find the random
query policy asks around 90% of all queries to find a provably optimal matching. Restricting the random
queries to allocatable bundle-agent pairs causes a dramatic reduction in the number of queries needed: it
requires between 60% and 15% of all queries, depending on the number of items in the auction. Sandholm
and Hudson also perform a theoretical analysis on the impact of restricting queries to allocatables. They
find that it may increase the number of queries required to find a provably optimal matching, compared
to the random strategy, but this increase is by no more than a factor of 2.
It seems likely that the relatively small impact of sophisticated query strategies in Charlin et al.’s
setting is explained by the success of the collaborative filtering model. Even with random queries as
input, it quickly generates high quality predictions, yielding suitability scores that are hard to beat at
the level of query strategy sophistication the authors consider.
The results of Charlin et al., Brero et al. and Hudson and Sandholm indicate that preference prediction has the largest impact on solution quality, at least in domains where preferences are structured
enough to leverage at the individual and/or the group level (i.e., when collaborative filtering is informative). Using iterative querying with a heuristic query strategy that takes the current proposed solution
into account may have some effect, particularly (i) when the number of allowed queries is low or queries
are expensive; (ii) when the prediction model is not that sophisticated; or (iii) when collaborative filtering is not used in prediction. None of these papers tests a very sophisticated query strategy such
as estimating the expected value of information. Brero et al.’s results suggest that, at least for their
domains, the benefit of such a strategy is concentrated in settings where the allowed number of queries
is low.

Truthfulness Under Preference Prediction
Preference elicitation approaches that use preference prediction are not truthful in general. Recall that
mechanisms must gather all of the necessary information to run VCG in order to guarantee truthfulness.
There are at least two ways that preference prediction can fail to do this. Consider, for example, a
simple augmentation of current solution elicitation with preference prediction, which is quite similar to
that of Brero et al.
1. At each elicitation step, the proposed solution is the optimal solution w.r.t. to the predictions of
the value of each bundle. The algorithm queries an unknown aspect of the proposed solution and
updates the predictions.
2. Update the proposed solution. If it changes, repeat. Otherwise, terminate.
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This algorithm has two obstacles that prevent truthfulness. First, it may fail to sufficiently explore the
space and terminate prematurely. Sometimes agents can exploit this by misreporting in a way that
causes other agents to receive queries that are unhelpful to them. Second, the prediction for a bundle
may not match the query response, incentivizing the agent to misreport his preferences in order to make
the prediction for each bundle match its true value as closely as possible.
One way to address the former is to allow users to “push” information to the elicitor, i.e., answer
queries that have not been asked, which is discussed by Sandholm and Boutilier. A scheme that allows pushing can overcome the early termination problem because the agents can continue to provide
information to the mechanism until they are satisfied with the outcome.
The latter can sometimes be overcome by applying a filter to the prediction algorithm to ensure
that the predictions match the query responses, if doing so does not interfere with tractability of the
optimization (for example, this is not possible in Brero et al.’s model).
The incentive properties of VCG are extremely sensitive to the mechanism selecting an outcome that
does not maximize social welfare—each agent may have an incentive to defect that is as large as the
difference in social welfare between the selected outcome and the outcome that maximizes social welfare.
This is the situation that occurs when the latter problem is solved, but the former is not.

Observation 2.5. Let xN, O, Θ, tθi u, U y be a mechanism design problem. Consider a mechanism that
selects outcome o1 and uses standard VCG payments with the Clarke pivot rule. Given a fixed report θ̂´i
of the other agents, agent i’s incentive to misreport is bounded above by
U pθi qpo˚ q `

ÿ

U pθ̂j qpo˚ q ´ pU pθi qpo1 q `

jPN :j‰i

ÿ

U pθ̂j qpo1 qq

(2.13)

jPN :j‰i

where o˚ is the social welfare maximizing outcome.

A similar bound can be established in the case where neither problem is solved. In unpublished work,
Brero et al. prove that, in the CA case, the incentive to misreport is bounded by the largest error in
the prediction algorithm. In particular, if the prediction algorithm predicts the value of every reported
bundle within , the incentive to misreport is bounded by
SW pa˚U q ´ SW pa˚Ũ q ` n

(2.14)

where SW pa˚U q is the social welfare of the true optimal allocation and SW pa˚Ũ q is the social welfare of
the optimal allocation under the query responses with preference prediction applied. Note that this is
the same as Observation 2.5, but with an additional n term added. This bound will likely not be very
effective in practice because of the multiplicative impact of the error in the prediction algorithm.
In Chapter 5, we will study preference elicitation in an electricity management setting. The choices
we make are informed by past work. In particular, we use a preference prediction model where the
expected value of information of a query can be computed by sampling. However, our setting differs in a
key detail: queries have costs. We find that a sophisticated query strategy has quite a large effect because
avoiding queries that yield little information (i.e., less than their cost) produces dramatic savings.
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The Smart Grid and the Role of Computer Science

The traditional role of the electrical grid is to deliver power to consumers at minimum cost with only
limited knowledge of how transmission is happening in real time or what the end uses are. The transmission and distribution is treated as a pipe—generators load electricity in at one end and consumers take
it out at the other. Agents transacting with the grid are paid a flat rate for electricity they contribute
and charged a flat rate for electricity they consume, irrespective of the actions of other agents. In pipe
model, the primary challenge in grid operation is of an engineering nature: ensure that there is enough
power is available to meet demand, but not so much that the limits of grid operation are exceeded.
This view has been challenged by several recent developments: the availability of improved sensors and
several societal, political and economic factors that make the traditional view unattractive.
Sensing infrastructure that can monitor the actions of agents on short timescales has become available,
transmitting that information to a control center in real time. These sensors allow the system operator
to take a more nuanced view of how distribution is occurring and understand how the behavior of
consumers and producers is affecting costs. The most important of these sensors for trading purposes
is the smart meter, which allows the tracking of inputs and outputs to the system in real time. In the
pipe model, demand is exogenous. With sensors, various aspects of consumer behavior can be observed,
hence, influenced by prices.
In addition to the availability of sensors, several environmental factors have created societal incentives
to achieve more responsive control of the grid. Reducing emissions from electricity-producing technologies
has become a central strategy to mitigate to climate change. Reduction of carbon dioxide emissions
depends on integrating renewable sources of energy into the grid, which can only be made to conform
to consumer demand patterns in a limited way. Thus, the level of consumer response to price signals
plays a large role in the cost of integrating renewables. Beyond the climate change context, research on
the environmental effects of energy extraction for certain sources of electricity provides another reason
to integrate renewables.
From a political perspective, the traditional grid system relies on large infrastructure projects that
are built and paid for over many years. These projects require significant commitment on behalf of the
public because of the debt they create. Infrastructure projects have become difficult to fund in general
in recent years, and it is certainly true that they are subject to extensive public debate because of their
cost. Adding smart technology to the grid can be done in small batches for low cost, particularly in the
form of microgrids. Microgrids are autonomous subgrids that are able to detach from the main grid.
Much of smart grid technology can be implemented and tested on microgrids without the expense of
rebuilding the entire grid.
Thus far, utility companies themselves have been the primary drivers of innovation in smart grid
technology, possibly because deregulation in many countries has given them an opportunity to profit
from these changes. The most direct approach to increasing efficiency in electrical grids is to use modern
technology to assist the grid in performing its traditional role: i) better sensing equipment allows for
quicker fault detection and recovery; and ii) actuators prevent problems by adjusting equipment to keep
operation within tolerances, or, in the case of a fault, isolating the affected area. Early visions of the
smart grid focused on the potential for self-healing and remote operation. More recent perspectives
see the opportunity for greater interactivity that is provided by sensing infrastructure. Farhangi [2010]
states that the smart grid “empowers consumers to interact with the energy management system to
adjust their energy use and reduce their energy costs,” increasing the value generated by transacting
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with the smart grid.
In this section, we discuss three papers relating to the smart grid: the aforementioned Farhangi
[2010], the Williams et al. paper [2012] introduced in the previous chapter, and Ramchurn et al. [2012],
a paper focusing on applications of AI to the smart grid.

2.4.1

The Path of the Smart Grid

Farhangi [2010] provides a comprehensive overview of the smart grid: the motivation behind the smart
grid, changes to electrical grids so far and predictions of what is coming next. Many shortcomings of
the current grid design and implementation are addressed, the three that receive the most attention are:
(i) high peak energy usage, (ii) energy lost between generation and use due to the distribution system,
and (iii) the spread of failures.
High peak energy usage is a feature of the current grid system that has received significant attention.
The oft-cited statistic is that 20% of the grid’s capacity exists to meet peak demand only, i.e., it is in
use only 5% of the time. The reason is that the demand on the grid has high variance and it is not
very responsive to generation costs. Thus, reducing peak demand would result in huge cost savings
by allowing the grid’s generation capacity to be reduced. Thus, any new program or technology is
scrutinized for the effect it might have on peak demand.
Demand response is the industry’s term for programs that aim to increase the responsiveness of
consumers to changes in generation costs, a concept that far predates the smart grid. Demand response
focuses on reducing demand when cost savings are high, which occurs particularly at peak times. Studies
have shown that when consumers are motivated to reduce peak demand (e.g., in the case of a crisis,
such as systemic electricity shortages) very large reductions can be achieved. However, attempts to
reduce usage at peak times under normal circumstances have not been greatly successful. We outline
the general types of demand response strategies below. One of the major hopes of the smart grid is that
the presence of increased information and communication infrastructure will allow for the development
of more effective demand response strategies. It is worth noting, however, that the type of infrastructure
that advanced demand response requires is a relatively low priority for the utility companies that are
building the smart grid. Initial smart grid construction may focus on sensors and actuators that are
used by the utility companies to achieve better control of transmission (long-distance) and distribution
(short-distance) infrastructure, rather than developing consumer-facing technology.
Existing demand response interventions have generally fallen under two categories: economic and
social. Economic interventions offer financial incentive to consumers to reduce consumption under certain
circumstances. The two most prominent are time-of-use pricing and critical peak pricing. Time-of-use
pricing sets an energy cost that varies based on the time of day and potentially the time of the year.
Critical peak pricing allows generators to declare critical peak events when the grid is heavily stressed,
and increase prices dramatically for a short period of time. One of the major challenges faced by economic
interventions is that the variable cost of electricity production is relatively low so, for many consumers,
prices have to be increased dramatically to impact their consumption decisions.
Social interventions use social pressure as the means to influence behavior. The most prominent form
is comparison with other consumers. By showing a consumer that they consume more than others, they
can be motivated to change their behavior. These interventions take on a variety of forms, from annotations on electricity bills to full-on gamification of electricity usage. These interventions are inexpensive
to implement, but have only had a modest effect in practice.
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Figure 2.2: The breakdown of emissions reductions from Williams et al.’s [2012] model.

Farhangi’s second major focus is deficiencies in the electricity transmission and distribution systems.
Much of the North American infrastructure has not been updated in the last half-century and it suffers
from many inefficiencies: 8% of electricity production is lost between generation and the end-user largely
due to transmission and distribution inefficiencies. In addition, it is highly prone to failure: 90% of all
power outages and disturbances are caused by the distribution network. The smart grid has great
potential to increase its efficiency by allowing the flow of more fine-grained and up-to-date information
throughout the system, rather than allowing sensing only at the end points and requiring site visits to
acquire more information.

2.4.2

The Technology Path to Deep Greenhouse Gas Emissions Cuts

Williams et al. [2012] study how to achieve targets to cut greenhouse gas (GHG) emissions by 80% by 2050
in the state of California. They build a physical and economic model of California, including transmission
and distribution infrastructure and resource constraints, and attempt to minimize the economic impact
required to achieve the target. Their most notable result is that decarbonizing generation and increasing
energy efficiency will not suffice—it is necessary to electrify sectors such as transportation.
Figure 2.2 shows projected sources of GHG emissions reductions. The largest reducer is energy efficiency—the construction of more energy efficient appliances, vehicles, and industrial processes. Energy
efficiency has increased dramatically in the history of electricity. For example, LED bulbs consume
about 15% of incandescent bulbs, while providing the same brightness. Unlike other GHG reduction
approaches, energy efficiency is often driven by economics. For example, while LED bulbs are more
expensive up front, total lifetime cost (including operation) is only about 20% of incandescent bulbs.
Because of its attractive economic properties, energy efficiency is considered the most desirable form of
GHG emission reduction. Williams et al. calls for a 1.3% improvement to energy efficiency per year,
which is an unprecedented level that matches the level of improvement achieved during the California
energy crisis of 2000–2001. There is little debate that there is an enormous potential for emissions reductions through energy efficiency, but their goal is at the very top end of what is considered achievable
by other studies.
The second largest reducer is electricity decarbonization. For this portion of the analysis, they build
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Figure 2.3: Williams et al.’s summary of generation decarbonization scenarios. CCS is carbon capture
and storage and EE refers to energy efficiency. The rightmost bar “Mixed (No EE)” is included to
demonstrate the impact of energy efficiency in their analysis.

several different decarbonization scenarios, reflecting the uncertainty over which low-carbon forms of
electricity will dominate: renewables, nuclear or carbon capture and storage (CCS). CCS refers to the
process of capturing CO2 from the atmosphere and injecting it underground. They do not attempt
to evaluate which scenario is superior, and remark that despite the renewable case requiring more
generation, transmission and storage, it does not require CO2 transmission and storage as in the case of
CCS or fuel cycle facilities as nuclear does. Their main finding on this dimension is the infeasibility of
increasing renewable penetration beyond 74% of total generation while respecting the constraints of their
model. This is despite the fact that they make extensive technical assumptions that benefit renewable
generation, such as perfect generation forecasting and smart charging of electric vehicles. This result is
a subject of intense debate.
As Figure 2.2 shows, these two strategies combined are enough to reduce GHG emissions to 1990
levels, but no further (despite generous assumptions in each case). Most of the rest of the reductions
originate from non-energy, non-CO2 uses, such as those from cement and agriculture, and electrification,
particularly of heating and industrial processes. This was a major result at the time the paper was published and is still under debate. These two reduction strategies, which are smaller, but still substantial,
had received much less research attention.
Critically for the approach of this thesis, Williams et al. pay little attention to demand response
as a source of GHG reductions beyond the load shifting that results from smart charging of electric
vehicles. They indicate that they consider demand response to be subsumed under energy efficiency
in their model, but the difference is important, particularly in the renewable generation case, because
of the ability of demand response to counteract the unreliability of renewable generation. Their model
indicates that agents that represent consumers could have significant impact on generation cost.
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Artificial Intelligence and the Smart Grid

Ramchurn et al. [2012] suggest that there are many relationships between core tasks in the smart grid
and well-studied problems in AI, particularly multi-agent systems. They envision autonomous agents
working on behalf of market participants, and that these agents will be faced with the communication
and coordination problems that occur in multi-agent systems. They outline several topics that they
view as the most interesting from an AI point of view and present them as research challenges to the
community. The authors focus on three main topics: coordination of electricity consumers, coordination
of small producers, and self-healing networks.
Their first major topic is coordination among electricity-consuming agents. As an example of the
risk of uncoordinated behavior, they present the case of “peak-shaving” schemes, i.e., methods to reduce
demand at peak times. They contend that current economic approaches to reducing peak demand would
not work well in practice, even if agents were more responsive, because they inherently synchronize agent
behavior, which in turn can cause a detrimental effect on grid infrastructure. For example, if prices are
increased between 12 and 1 pm, there will be a peak of energy usage at 11:59 am and 1:01 pm. In
addition, they predict that the increased prevalence of electric vehicles will worsen this problem by
significantly increasing the peaks of household consumption. They predict that, in order to address
these issues, household agents must coordinate, and the behavior of these autonomous systems will have
to be analyzed as a group in order to avoid causing problems at an aggregate level.
The second problem they focus on is coordination of small electricity producers. They foresee that
many current consumers will be able to generate a small amount of electricity, e.g., from solar panels,
wind or electric vehicle batteries, that they will want to sell back to the grid. However, because the
electricity generation is on a small scale and unpredictable, it will be necessary for these agents to form
groups. Collectively, these groups will be able to produce electricity at a scale and degree of reliability
that can match that of traditional generators and thus will be able to produce value for the grid. These
groups then have to deal with the problem of coordinating their behavior and dividing the benefits of
their cooperation amongst themselves. These are problems of cooperative game theory.
Their third topic is self-healing grids. They foresee every grid component being represented by an
autonomous agent. These agents present their sensor outputs and their action space to other parts of the
grid. These parts of the grid then coordinate and determine the best joint action, forming a decentralized
control system. This approach is very different from the predominant engineering approach where all
information and decisions go through a central control center.
The systems proposed by Ramchurn et al. [2012] are decentralized. They model market participants
as agents that run their own algorithms and look at the global performance of the resulting system.
There is limited game-theoretic consideration because the system designer can choose the algorithms
and the behavior differs between market participants only because the actor each represents reports
different preferences. They generally assume that actors are not strategic in preference reporting and
instead report their true preferences. In cases where agents have the opportunity to defect, the authors
propose a trust system, where agents that do not operate honestly are excluded from the group over time,
which differs from the game-theoretic approach of trying to incentivize truthfulness even in a one-shot
game.

Chapter 3

Approximately Stable Pricing for
Coordinated Purchasing of
Electricity
In this chapter, we study the problem of coordinating and sharing costs among electricity consumers
under complex generation cost functions, which are affected by the “shape” of demand, i.e., its peaks
and smoothness. We approach this problem as a matching market, using the tools of cooperative game
theory, developing two novel cost-sharing schemes: one based on Shapley values that is “fair,” but
computationally intensive; and one based on similarity-based envy freeness, which captures many of the
essential properties of Shapley pricing, but scales to large numbers of consumers. Empirical results show
these schemes achieve a high degree of stability in practice and can be made more stable by sacrificing
small amounts (ă 2%) of social welfare. Some of the work in this chapter originates in Perrault and
Boutilier [2015].

3.1

Introduction

Coordinating the group purchase and consumption of electricity can offer significant benefits in terms
of economic efficiency, predictability, and fairness. These benefits emerge for several reasons. The first
reason is that consumers who are able to shift their loads away from periods of high consumption can be
compensated by others for the inconvenience or discomfort of doing so, with the resulting flatter demand
profiles reducing overall cost of generation. The increasing penetration of renewable generation makes
the issue of demand smoothness particularly pronounced. The most prominent sources of renewable
generation, wind and solar, produce significantly more electricity during the day than at night. Thus,
the load net of renewables decreases quickly in the morning and increases quickly in the evening. This
effect is summarized in Figure 3.1 from Denholm et al. [2015], who remark that the load net of renewables
during daytime hours decreased from 2012 to 2013 in California and projected that the trend was likely
to continue. An updated figure [Reinhold, 2016] (Figure 3.2), demonstrates that Denholm et al. were
correct and that the decrease appeared largely due to solar (at least on the day that he analyzed).
The steep decline and rapid increase of demand caused by renewables put a lot of pressure on

37

Chapter 3. Approximately Stable Pricing for Coordinated Purchasing of Electricity38

Figure 3.1: The original “duck curve” from Denholm et al. [2015], projecting steep ramping requirements
for conventional generation.

conventional generation sources, increasing the cost of generating electricity. This issue is one of the
factors that makes it difficult to increase renewable penetration past a certain threshold, which is a focus
of debate in the literature (see Section 2.4.2). Coordinating electricity use can increase the ability of
demand to match supply and thus reduce the consequences of this effect.
The second reason is economic: the formation of groups of consumers can increase competition on
the supply side of the market. Rassenti et al. [2003] found that group purchasing in the electricity setting
resulted in prices that are more responsive to market conditions, decreasing the ability of generators to
exercise market power. The real-world appeal of this idea was demonstrated in The Big Switch [Waddams
et al., 2014], a UK program where 30,000 households agreed to have their demand auctioned collectively
to the lowest-bidding provider. Since then, similar programs have been launched in Australia, Scotland
and Ireland.1
The third benefit is that groups can predict aggregate consumption levels more reliably than individuals and incentivize their members to consume at predicted levels [Robu et al., 2017]. This can have the
consequence of reducing generation cost due to better predictions of demand by generators themselves.
We do not study this issue in this chapter, but it is the focus of Chapter 4.
In this chapter, we develop a model to facilitate group-level coordination using the tools of cooperative
game theory to determine mutually acceptable cost sharing among users in a group. This is a market
design problem which we approach from a cooperative game-theoretic perspective. We address the
standard concerns of social welfare and stability, but we do not consider the issue of elicitation. Instead,
we can run a standard elicitation protocol of the style outlined in Section 2.3.3, i.e., using either demand
or values queries. We take this approach because achieving high social welfare and stability is quite
difficult in this setting. Our objective is to develop techniques that will scale to thousands of users—on
a scale similar to previous group buying projects in electricity.
Electricity markets present a technical challenge due to their size and complexity. Maximizing social welfare in electricity markets requires optimizing the production of electricity by each producer.
The producers’ generation cost functions can be quite complicated. A typical electricity producer sells
1 Australia:

https://www.onebigswitch.com.au/, Scotland: https://www.onebigswitch.co.uk/ and Ireland: http:
//www.onebigswitch.ie/.
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Figure 3.2: An updated “duck curve” for October 22, 2016 [Reinhold, 2016]. The gray line shows solar
generation separately.

electricity from a mixture of generation sources, which have different properties. At a high level, we
can divide these sources into two groups: dispatchable and non-dispatchable generation. Dispatchable
generation can be controlled by the operator in response to market needs. In California, these sources
are primarily natural gas, hydroelectric and coal. Most renewable energy is non-dispatchable. Nuclear
power is somewhat dispatchable, but reaction times are slow—it might take 24 hours to adjust the output
level. The producer’s problem is to optimize the control of dispatchable generation subject to current
demand and current generation from non-dispatchable sources. In the general case, this problem is a
stochastic optimization due to uncertainty about demand and renewable production. In this chapter,
we assume that demand and non-dispatchable generation are perfectly predictable. This simplifying
assumption allows us to focus solely on the impact of demand “shape” in the dispatch optimization.
Dispatchable sources have several interesting features [Kirschen and Strbac, 2004].
• Minimum and maximum production levels: coal and nuclear plants have energy generating processes that must be operated within specific limits. Shutting down and starting up such plants
also incurs a cost.
• Limitations on ramping: the rate of adjustment to output over time is physically constrained.
• Multiple layers of generation with different associated costs: there may be an inexpensive base
layer that is slow to adjust and an expensive but easily adjustable tracking layer.
On the other side of social welfare optimization, consumers may be willing to shift their consumption if they are sufficiently compensated. We take a black box view of consumer utility functions and
assume that each consumer provides us with a finite set of consumption profiles: a vector of electricity
consumption over time and the utility that would be accrued by using that profile. In Chapter 5, we
begin to address this problem by developing an elicitation approach for HVAC control.
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The complexity of the social welfare function poses challenges from a game-theoretic perspective.
Outcomes that maximize social welfare may not support stability, either from a coalitional perspective
(i.e., core-stability) or from a purely strategic perspective (i.e., Nash stability). In fact, we show that
the social welfare of Nash-stable allocations may be arbitrarily worse than the best unstable outcome.
Thus, there is a natural tradeoff between stability and social welfare. We explore this tradeoff using
two different cost-sharing schemes, one based on Shapley values, and the other based on a new notion
of similarity-based envy freeness. We show that small sacrifices in social welfare can provide large gains
in stability. Furthermore, our similarity-based envy-free cost-sharing scheme, while not as conceptually
simple as the Shapley scheme, achieves greater stability and has significantly better computational
properties.
The main contributions of this chapter are:
• We develop a tractable market model for matching consumers to producers while reflecting many
of the complexities of electricity production and consumption.
• We explore the stability properties of this model under various cost-sharing schemes.
• We develop two payment algorithms that exhibit high stability and fairness, while allowing tradeoffs
between social welfare and stability.
In Section 3.2, we describe the basic market model and related work. Section 3.3 describes the form of
producer price functions we use and how social welfare can be optimized as a mixed integer program,
Section 3.4 addresses stability in the model and describes two payment models. Section 3.5 describes the
model of consumer electricity used in the experiments, and the experiments in Section 3.6 demonstrate
the efficacy of our new payment algorithms.

3.2

Setting

To build a market model, we need to specify the utility functions of the consumers and the producers.
We take the perspective that each consumer has a finite number of discrete demand profiles, where each
profile reflects an “acceptable” consumption pattern (electricity use per period in kilowatt-hours (kWh))
along with a value for consuming according to that demand profile. These values indicate her preferences
for consumption and her degree of potential flexibility.
Each producer has a producer price function (PPF). The price function is an arbitrary function that
captures the prices posted by the producer for serving demand of different shapes. It represents the
outcomes of the generation dispatch problem. We make the simplifying assumption that producers have
regulatory profit margins which are included in their price function—they do not act strategically to
increase their profit. In Section 3.3, we develop a model of PPFs that aims to capture many of the
features of real-world price functions.
Given these utility models, our goal is find a matching of consumers to producers and consumers to
demand profiles such that social welfare is maximized and stability is high. We use stability concepts
that are developed for this particular setting, which are described in Section 3.4. We optimize social
welfare using a mixed-integer program (MIP). Stability is difficult to optimize directly—we instead take
an ad hoc approach to maximizing it.
Formally, we represent a market as xN, M, T, tΠi : i P N u, tVi : i P N u, tαi : i P N u, tPj : j P M uy.
Let N be a set of n consumers and let M be a set of m electricity producers that each control a set
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producers

matching

valuation
function

consumers
n1

30
25
18
18
16
12

✔

n2

70
50
30

✔

n3

m1

m2

✔

Figure 3.3: The market model. The demand profiles chosen by the consumers depend on the prices
charged by the producers. Each producer has a posted price function, which is not shown here.

of generation facilities. We assume T time periods, representing, for example, the hours in a day or
week. Each consumer i has a non-empty set of demand profiles Πi , where each profile π P Πi Ă IRT
reflects an “acceptable” consumption pattern (electricity use per period in kilowatt-hours (kWh)) for
i. Each consumer has a valuation function Vi : Πi Ñ IR indicating her value (in dollars) for each of
her demand profiles. Such profiles may be explicitly elicited or estimated using past consumption data.
This is an abstraction of reality, of course, because consumers’ valuations derive from the actions that
use the available electricity, not from the electricity itself.
A matching µ maps each consumer i to a producer µpiq, from whom she purchases electricity, and
demand profile µp piq P Πi , indicating her consumption. In this matching, i pays the price per unit posted
by producer µpiq, which may depend on the aggregate demand of all agents matched to µpiq. In order to
satisfy individual rationality, we include a null producer which represents any consumer’s best outside
option—we can imagine that some consumers may have access to a source of electricity outside the main
market, e.g., if they are connected to a nearby source of renewable electricity via private infrastructure.
The value i being matched to null is αi . Figure 3.3 shows a diagram of an instance of the model with
two producers and three consumers, each with three demand profiles. The total demand that is served
by each producer is the sum of the demands across the profiles chosen by the consumers matched to
that producer.
Each producer j has a price function Pj : IRT Ñ IR that maps total demand in each time period
to a price. We treat Pj as exogenous—it represents j’s posted prices. We assume that Pj captures the
fundamental features of generation costs (see next subsection), and that producers are not strategic,
instead they simply recover their costs. The null producer has a fixed zero price—the net value αi
accrued to the consumer includes any price charged.
The social welfare of matching µ is the net utility realized by all consumers acting on the demand
profiles selected by µ, i.e., the sum of the consumers’ valuations for the selected profiles minus the sum
of the corresponding producers’ prices:2
¨
SW pµq “

ÿ
iPN

Vi pµp piqq ´

ÿ
jPM

Pj ˝

˛
ÿ

µp pi1 q‚

(3.1)

i1 Pµ´1 pjq

Lu and Boutilier [2012], henceforth LB, prove that social welfare maximization in LB is NP-hard via
reduction to knapsack. Theorem 3.1 shows that maximizing social welfare in an instance of LB can be
2 Note

that we consider the producer’s profit to be part of the cost of generating electricity.
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reduced to maximizing social welfare in our electricity market model with no increase in problem size.
This shows that maximizing social welfare in our model is NP-hard even for the small class of PPFs
used in the reduction.
LB is inspired by both matching markets in supply chains and online daily deal providers such as
Groupon and Living Social. A set of buyers is each looking to buy an item from one of a set of sellers.
The items sold by the sellers are only partial substitutes—thus, each buyer has a potentially different
valuation for the item sold by each seller. In addition, the price of each seller decreases as the number
of buyers matched to that seller increases. In particular, there is a set of discount thresholds and prices
decrease every time the number of buyers surpasses a threshold.
pLBq

Formally, an instance of LB is represented as xNLB , MLB , tVi
pLBq

is a set of buyers, and MLB is set of sellers. Vi

: i P NLB u, tδj : j P MLB uy. NLB

: MLB Ñ IR represents buyer i’s value for the product
p1q

pdq

of each seller. δj “ pτj , pj q represents the discount schedule for seller j: τj “ rτj , . . . , τj s is a vector
p0q

pdq

of discount thresholds, and pj “ rpj , . . . , pj s is a vector of positive prices. If the number of buyers
assigned to j is at least

pkq
τj

pk`1q

but less than τj

pkq

, vendor j sells the item at price pj . Formally, the

social welfare of a matching µ in LB is
SWLB pµq “

ÿ

ÿ

Vi pµpiqq ´

iPNLB

|µpjq|pj p|µpjq|q.

(3.2)

jPMLB

where pj pqq is the price that producer j should charge to q buyers according to δj .
Theorem 3.1. Maximizing social welfare in LB can be reduced to maximizing social welfare in our
model.
pLBq

Proof. Consider an instance of LB xNLB , MLB , tVi

: i P NLB u, tδj : j P MLB uy. We want to

construct an instance of our electricity market model xN, M, T, tΠi : i P N u, tVi : i P N u, tαi : i P
N u, tPj : j P M uy that represents this LB instance.
We let N “ NLB and M “ MLB . We assign a different time period to each agent, i.e., let T “ N .
Each agent i P N has a single demand profile that demands a single unit of electricity in time period i
and 0 otherwise.
Because our consumer valuation functions do not allow for different values for different producers, we
instead represent these values in the prices charged to the consumers. Thus, we let Vi “ 0 and αi “ 0.
Pj needs to charge the correct discounted price as well as “reimbursing” each buyer for the utility
they should receive by buying from seller j. To recover the number of buyers matched to j, we sum the
demand profiles matched to j. We define Pj pxq as follows, where x P RT is the total demand matched
to j:
˜
Pj pxq “

¸
ÿ

tPT

xt

˜
pj

¸
ÿ

tPT

xt

ÿ
´

pLBq

Vt

pjqIrxt ą 0s

(3.3)

tPT

Recall that agent i’s demand only exists at time t. Under this price function, the producer’s price
function for a particular demand vector is exactly what it would be if it were matched to the same set
of buyers in LB. Likewise, the social welfare for a particular matching is identical. Formally, suppose
we have a matching from consumers to producers in the electricity market model. No matter which
producer consumer i is matched to, her valuation for her assigned profile is zero. Thus, the left term of
the social welfare expression (3.1) is zero. The right term is given by 3.3: it is the per unit (potentially
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discounted) price times the number of units sold minus, for each producer j, the sum of the consumer
values for being matched to j for the consumers that are matched to j. This is exactly equal to the
social welfare expression for LB for µ (3.2).
Related Work
Assignment games and matching markets have been extensively studied using different stability concepts
and pricing models [Shapley and Shubik, 1971; Gale and Shapley, 1962; Demange et al., 1986]. Research
in real-world markets has largely focused on revenue maximization for monopolistic sellers, though
strategic aspects are sometimes considered. The literature on group buying, summarized in [Anand and
Aron, 2003; Chen and Roma, 2010], considers the value of offering discounts to groups of buyers who
purchase items in bulk. Several group buying models are similar to ours.
Our work extends that of Lu and Boutilier [2012], where the focus is on a more restrictive model
of buyer preferences (unit demand, only the supplier affects utility) and seller price functions (volume
discounts). Similarly to them, we focus on the strategic behavior of buyers and treat seller prices as
exogenous (strategic behavior of sellers was later investigated by Meir et al. [2014]). Two similar group
buying models are those of Anand and Aron [2003] and Chen et al. [2007]. Both have seller prices
that are affected by the amount purchased, but neither allow for sufficiently complex price functions to
model electricity generation. Anand and Aron focuses on a single vendor and does not consider buyer
coordination, while Chen et al. uses a multi-stage auction mechanism.
In the AI literature, the process of finding an optimal seller for a group of fully cooperative buyers
has been studied [Sarne and Kraus, 2005; Manisterski et al., 2008]. In the context of electricity, group
purchasing has been suggested as a way of reducing seller uncertainty about stochastic buyer demands
[Robu et al., 2017], an aspect which we do not consider here, but which is the focus of Chapter 4.

3.3

Producer Price Functions (PPFs)

Deciding the optimal output levels of a group of generation facilities in order to meet demand is complex
and has been studied extensively [Kirschen and Strbac, 2004]. We focus on three of its most important
features. (i) Generation facilities have limited ramp rate—the amount by which they can change their
output from one time period to the next. Ramp rates of different generation facilities vary radically
(e.g., demand tracking plants such as natural gas can ramp up or down in half an hour, whereas nuclear
plants make take 24 hours). (ii) Different kinds of generation have different variable costs (e.g., most
renewables have low variable cost, while natural gas has high variable cost). (iii) Finally, certain kinds
of plants (e.g., coal) have high costs when run below a certain level, which imposes considerable wear
on the components. Shutting down these plants also incurs costs.
To capture these features, we model each producer as follows. It has a base layer that has low
generation costs, but a low ramp rate, and the base layer is expensive to take below a certain level of
generation in any time period (the minimum economic generation level (MEGL)). It also has a tracking
layer that can be adjusted rapidly or shut off entirely, which has high generation costs and limited
capacity.
We provide an overview of the form of producer price functions (PPFs) that we use below. For
plq
plq`
plq´
producer j’s base layer, let cj be the price per kWh, dj
be the capacity (kWh), dj
be the MEGL
(kWh), and rj be the maximum ramp rate between periods (kWh). Let sj be the shutdown cost (in
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Symbol
Pj

Meaning
Price function. Pj “ BCj ` RCj ` SCj

plq´

MEGL for the base layer

plq`

Maximum capacity of the base layer

dj

dj

cj

plq

Per unit price for electricity provided through the base layer

rj

Maximum ramp rate of the base layer

sj

Shutdown cost that is incurred when base layer generation is below the MEGL

phq`

Maximum capacity of the tracking layer

dj

phq

cj

Per unit price for electricity provided through the tracking layer

BCj

Base cost function

RCj

Ramp cost function

SCj

Shutdown cost function
Figure 3.4: Table of notation for producer cost function for producer j.

phq

dollars) that is incurred when demand is reduced below the MEGL. Let cj
layer per kWh and

phq`
dj

be the price of the tracking

be its capacity (kWh). The notation is summarized in Figure 3.4.

• If demand is smooth and does not exceed the maximum base layer capacity or fall short of the
MEGL, only base layer costs are incurred. Formally, if demand in every period is in the interval
plq´

rdj
is

plq`

, dj

plq
cj .

s, and the largest period-to-period change in demand does not exceed rj , the unit price

Demand that exceeds the base layer capacity will be met using the tracking layer, if capacity
phq

is available, at a price cj . In Figure 3.5a, the total cost to meet demand in the first time period
plq phq`

is cj dj

phq

plus cj

phq`

times the amount of demand that exceeds dj

.

• A shutdown cost is charged if demand in a period is less than the MEGL and the demand in the
previous period was greater than the MEGL. If demand in the previous period is greater than
plq´

dj

plq´

and demand in the current period is less than dj

, the shutdown cost of sj is charged. In

Figure 3.5a, a shutdown occurs in the second period.
• If there is a large increase in demand between two periods, the first rj units of the increase are
plq

met using the base layer at price cj , and the remaining units of the increase are met using the
phq

tracking layer at price cj . Figure 3.5b shows the ramp costs that are incurred at time t ` 1 given
a moderate demand at time t. Note that the base or tracking layer may have insufficient capacity,
which would result in a demand profile that cannot be served, i.e., it has infinite cost.
phq

plq

• If there is a large decrease in demand from period to period, an additional fee of cj ´ cj per unit
of decrease exceeding rj is charged, which represents the cost of meeting the necessary amount of
the previous period’s demand using the tracking layer. Figure 3.5c shows the ramp costs incurred
at time t ` 1 given a high demand at time t.
Our PPFs have the Markov property: the price paid in any period depends only on demand in that
period and in the previous one, which makes them easy to compute. It is also gives a lower bound on the
cost of meeting the demand by optimizing base and tracking layer production levels in each time period.
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base layer max + tracking layer max = dj(l)+ + dj(h)+
 infeasible
due to
tracking
layer
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extra tracking

base layer max + tracking layer max = dj(l)+ + dj(h)+
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layer
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(l)+
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dj(l)+
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0

requires
additional cost
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0
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(a) Base and shutdown costs

time (hr)

t+1
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layer
 totracking
capacity

(c) Decreasing ramp

Figure 3.5: Diagrams showing how the various components of the producer price function are calculated.

Every cost incurred in the price function must be also be incurred by any solution that satisfies the
generation constraints, but the price function may underestimate costs (e.g., it assumes that base layer
ramping can be performed within two time periods). Our general approach for optimizing social welfare
and stability can be applied to a variety of PPFs—the form of the PPF may be application-dependent.
The key requirement for our approach is that PPFs can be easily represented as constraints in a MIP.
PPFs need not be Markov to satisfy this requirement. In the electricity domain, we could represent more
complex PPFs as Markov by augmenting the state vector. For example, if there is a requirement that a
production source be shutdown a certain percentage of the time, we can add that statistic to the state
directly.
If we want to perform an optimization to determine the value of a PPF, we could split the optimization
into two parts and iterate, repeating until convergence:
• Maximize social welfare subject to an PPF approximation.
• Improve the PPF representation around the social welfare maximum.
This procedure increases computational cost, but that may not be an issue, particularly in the case where
we compute payments separately from social welfare maximization, so that we only need to maximize
social welfare once.
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We now formalize our model of PPFs. The price Pj charged by the producer is the sum of three
non-negative functions: the base cost, ramp cost and shutdown cost.
Let BCj pxq represent the base cost of meeting demand at level x for producer j, assuming no
additional ramping costs. Demand is preferentially met using the base layer, and the tracking layer is
used only if necessary.

$
plq
plq`
’
’
c x
if 0 ď x ď dj
’
& j
´
¯
plq`
phq
plq`
plq`
plq`
phq`
BCj pxq “ cplq
` cj
x ´ dj
if dj ă x ď dj ` dj
j dj
’
’
’
plq`
phq`
%8
if x ą dj ` dj

(3.4)

Let RCj px1 , x2 q represent the cost of ramping from generation level x1 to generation level x2 . The
ramp cost is zero if both demand levels are on the tracking layer or they differ by no more than the
ramp rate of the base layer. Otherwise, the ramp cost is the cost of using the tracking layer to cover
the amount of change exceeding the ramp rate by substituting it for generation that would ordinarily
be served using the base layer. This substitution may occur in the generation schedule of the current
period or that of the previous period. The amount of additional ramp capacity required may not exceed
the total unused capacity of the tracking layer in the relevant (current or previous) period. This gives
rise to the following ramp cost function.
$
’
0
’
’
’
’
’
’
0
’
’
’
’
’
’
’
’
’
’
’
phq
plq
’
’
pcj ´ cj qpx2 ´ x1 ´ rj q
’
’
’
’
’
&pcphq ´ cplq qpx1 ´ x2 ´ rj q
j
j
´
¯
RCj px1 , x2 q “
phq
plq
plq`
’
’
’pcj ´ cj q max dj ´ x1 ´ rj , 0
’
’
’
’
’
’
’
’
´
¯
’
’
phq
plq
plq`
’
’
pcj ´ cj q max dj ´ x2 ´ rj , 0
’
’
’
’
’
’
’
’
’
’
%
8

´
ı
´
ı
plq`
plq`
phq`
plq`
plq`
phq`
if x1 P dj , dj ` dj
^ x2 P dj , dj ` dj
”
ı
”
ı
plq`
phq`
plq`
phq`
if x1 P 0, dj ` dj
^ x2 P 0, dj ` dj
^

if
if
if

if

|x2 ´ x1 | ď rj
”
ı
”
ı
´
ı
plq`
plq`
phq`
x1 P 0, dj
^ x2 P 0, dj
^ x2 ´ x1 ´ rj P 0, dj
”
ı
”
ı
´
ı
plq`
plq`
phq`
x1 P 0, dj
^ x2 P 0, dj
^ x1 ´ x2 ´ rj P 0, dj
”
ı
´
ı
plq`
plq`
plq`
phq`
x1 P 0, dj
^ x2 P d j , d j ` d j
^
´
ı
phq`
x2 ´ x1 ´ rj P 0, dj
´
ı
”
ı
plq`
plq`
phq`
plq`
x1 P d j , d j ` d j
^ x2 P 0, dj
^
´
ı
phq`
x1 ´ x2 ´ rj P 0, dj

otherwise
(3.5)

The last component component required is the shutdown cost SCj px1 , x2 q. The shutdown cost is charged
if the previous demand level is above the MEGL and the current demand is below it:
$
&s
j
SCj px1 , x2 q “
%0

plq´

if x1 ě dj

plq´

^ x2 ă dj

(3.6)

otherwise

Note that this formulation represents a lower bound on a model that calculates the cost by optimizing
over the use of the base and tracking layer directly. This is because every cost incurred in the estimation
must be also be incurred by any solution that satisfies the generation constraints, but we allow several
constraints to be violated. For example,
• In the case of a large ramp downward, the amount of power that is required to be transferred from
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Symbol
yi,j,k

Meaning
Binary variable indicating whether consumer i is matched to producer j and using profile k

BC
wj,t

Continuous variable indicating the base layer cost for producer j in time period t

RC
Ij,t

Auxiliary binary variable used in the calculation of the ramp cost

RC
wj,t

Continuous variable indicating the amount of ramp beyond the ramp rate required

SC
Ij,t

Binary variable indicating whether production is above or below MEGL

SC
Jj,t

Auxiliary binary variable used in the calculation of the shutdown cost

Φp¨q

Abbreviation used to represent the constraints of a particular cost component
Figure 3.6: Table of variables for MIP optimization for producer j in time period t.

the base layer to the tracking layer in the previous period could be large enough that it forces the
base layer generation to decrease below the MEGL.
• Infeasible ramps may be performed because we assume that the base layer can ramp to any level
below its maximum capacity within two time periods.

3.3.1

Mixed Integer Program Encoding

We can develop a MIP encoding of the PPF that we use for social welfare optimization. Figure 3.6
summarizes the notation in this section. It is important to note that, because the price function is the
sum of three non-negative functions on the demand of each consecutive pair of time intervals, social
welfare optimization attempts to minimize the posted prices—we will use this “pressure” to simplify the
required constraints.
The first component function is the base cost function BCj pxj,t q. This function can be written as:
´
¯
´
¯
plq
plq`
phq
plq`
BCj pxj,t q “ cj min xj,t , dj
` cj max 0, xj,t ´ dj

(3.7)
plq`

plus the condition that xj,t is less than the capacity of the generation system, xj,t ď dj

phq`

`dj

. This is

represented in the social welfare optimization as the following linear constraints ΦpBCj , tq, introducing
one continuous variable (we use I and J for auxiliary variables that are intended to take on binary
values, even if they are later relaxed to be continuous, and w for continuous variables):
pBCq

BCj pxj,t q “ wj,t
pBCq

ě cj xj,t

pBCq

ě cj xj,t ´ dj

wj,t
wj,t

plq

phq

plq`

plq`

xj,t ď dj

´

phq

cj

plq

¯

´ cj

phq`

` dj

(3.8)

The second component function is the ramping cost between two periods, RCj pxj,t , xj,t`1 q. The ramping
function can be written as:
´
¯
´
´
¯
´
¯
¯
phq
plq
plq`
plq`
RCj pxj,t , xj,t`1 q “ cj ´ cj max min xj,t`1 , dj
´ xj,t ´ rj , min xj,t , dj
´ xj,t`1 ´ rj , 0
phq`

plus the constraint that |xj,t ´ xj,t`1 | ´ rj ď dj

(3.9)

. To write these in the MIP, we introduce a binary
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pRCq

variable Ij,t

plq`

which is 1 if and only if the base layer of producer j is saturated at time t, i.e., xj,t ě dj

.

We denote the following constraints as ΦpRCj , t, t ` 1q:
´
¯
phq
plq
pRCq
RCj pxj,t , xj,t`1 q “ cj ´ cj wj,t
Ij,t

pRCq

P t0, 1u

pRCq
Ij,t`1

P t0, 1u

pRCq
wj,t
pRCq

wj,t

pRCq

wj,t

pRCq

wj,t

pRCq

wj,t

pRCq

ě xj,t ´ xj,t`1 ´ rj ´ U Ij,t
´
¯
plq`
pRCq
ě dj ´ xj,t`1 ´ rj ´ U 1 ´ Ij,t
pRCq

ě xj,t`1 ´ xj,t ´ rj ´ U Ij,t`1
´
¯
plq`
pRCq
ě dj ´ xj,t ´ rj ´ U 1 ´ Ij,t`1
ě0
plq`

xj,t ď dj
plq`

dj

´
¯
pRCq
` U 1 ´ Ij,t
pRCq

ď xj,t ` U Ij,t
phq`

xj,t ´ xj,t`1 ´ rj ď dj

phq`

xj,t`1 ´ xj,t ´ rj ď dj

(3.10)

where U is large enough that U is greater than
plq`

maxp|xj,t ´ xj,t`1 ´ rj |, |xj,t`1 ´ xj,t ´ rj |, |dj

plq`

´ xj,t ´ rj |, |xj,t ´ dj

(3.11)

|q

for any j and t. The fourth-to-last and third-to-last constraints confirm that the minimum selected by
the optimization is the true minimum. This will be needed later, but it is not necessary for the simple
social welfare optimization.

The third and final component is the shutdown cost SCj pxj,t , xj,t`1 q, which can be written as:
ı ”
ı
”
plq´
plq´
SCj pxj,t , xj,t`1 q “ sj I xj,t ě dj
I xj,t`1 ă dj

(3.12)

We charge the shutdown cost only when a producer shifts from being above the MEGL to below it;
after incurring the shutdown cost once, the producer can remain below the MEGL for any number
of consecutive periods without incurring additional penalties. This is represented by the following
pSCq

constraints ΦpSCj , t, t ` 1q in the MIP, introducing one binary variable per time period Ij,t

which
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plq´

represents whether the load in period t on producer j is below the MEGL, i.e., xj,t ď dj

:

pSCq

SCj pxj,t , xj,t`1 q “ sj Jj,t
Ij,t

pSCq

P t0, 1u

pSCq
Ij,t`1

P t0, 1u

plq´

xj,t ´ dj
plq´

dj

pSCq

´ xj,t ě ´U p1 ´ Ij,t

xj,t`1 ´
plq´
dj

pSCq

ě ´U Ij,t

plq´
dj

ě

q

pSCq
´U Ij,t`1
pSCq

´ xj,t`1 ě ´U p1 ´ Ij,t`1 q
pSCq

ě Ij,t`1 ´ Ij,t

pSCq

ě0

Jj,t
Jj,t

pSCq

pSCq

(3.13)
plq´

U again denotes a large constant, greater than |xj,t ´ dj

|, for any j and t.

With the components assembled, we will combine them into a single optimization problem. Our
decision variables are the binary matching variables yi,j,k , each of which is true if and only if household
pkq

i is matched to producer j and household i is using demand profile πi .
max

y,w,I

ÿ ÿ ÿ

´
¯ ÿ ÿ
pkq
yi,j,k Vi πi
´
BCj pxj,t q´

iPN kPΠi jPM

ÿ

jPM tPrT s

ÿ

pRCj pxj,t , xj,t`1 q ` SCj pxj,t , xj,t`1 qq ´

jPM tPrT ´1s

ÿ

pSCq

sj p1 ´ Ij,0 q

jPM

subject to
yi,j,k P t0, 1u
ÿ ÿ

@i P N, @j P M, @k P Πi

yi,j,k “ 1

@i P N

jPM kPΠi

xj,t “

ÿ ÿ

pkq

πi,t yi,j,k

@j P M, @t P rT s

iPN kPΠi

ΦpBCj , tq

@j P M, @t P rT s

ΦpRCj , t, t ` 1q

@j P M, @t P rT ´ 1s

ΦpSCj , t, t ` 1q

@j P M, @t P rT ´ 1s

(3.14)

Note that we define several abbreviations: xj,t represents the total demand assigned to producer j in
period t and the function symbols BCj , RCj and SCj , which are defined as before. These abbreviations
can be eliminated by substituting the expression for each, which is specified as a constraint, in each
place where they occur. The Φ symbols represent sets of constraints as defined earlier in this section.
In our case, we interpret it as representing the amount of power loss incurred when power is delivered
from producer j to consumer i, which we will assume is proportional to the distance between them.
The MIP has N M T ` 3M T P OpN M T q binary variables and 2M T P OpM T q continuous variables,
and 18M T P OpM T q constraints. It can be solved by relaxing the binary matching variables yi,j,k ,
leaving a number of binary variables proportional to M T , and independent of the number of consumers
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and profiles. As in many matching problems, most relaxed variables are integral at the optimal solution
in practice (just a few consumers may have their demand split across several generators). It may be
acceptable for such agents to have contracts split across generators; otherwise, LP rounding may be used.
Social welfare maximization can be solved for large instances, since the number of producers (requiring
integer variables) is generally very small compared to the number of consumers.

3.4

Cost Sharing and Stability Concepts

Finding a social welfare optimal matching is relatively straightforward, although somewhat involved
due to the complexities of the producer price functions. More difficult is the question of appropriate
cost sharing among the group of consumers. By coordinating demand to maximize social welfare, some
consumers sacrifice their own utility for the benefit of the group and thus should be compensated.
Various notions of stability can be used for this purpose. Recall that, given some cost-sharing scheme,
stability measures the incentive for any consumer to defect, i.e., change their profile or producer. We
show below that core stability is not a particularly useful concept in this setting, and we thus focus on
Nash stability. To do this, we need to price defections, i.e., what does a consumer pay if they change their
matching. We approach the issue of defection pricing from two perspectives: a marginal cost defection
model, where a producer accepts any defector who pays the marginal cost they impose by defecting; and
an envy-free defection model where a defector pays the same as any other consumer originally matched
to that producer with a similar profile.
Other than stability and budget balance (i.e., all producers’ costs are paid), there are several other
desiderata for a cost-sharing scheme. A matching is envy-free if no consumer would prefer the matched
pair of any other consumer. This notion requires some generalization in our model (as we discuss below).
A scheme should be transparent: it should be clear why a consumer is paying what they pay, and what
they can do to change what they pay. It should be deterministic and easy to describe so that outcomes
do not appear arbitrary. We also desire computational scalability. Finally, we would like to be able to
sacrifice social welfare to achieve these properties, especially stability, in a controllable way. As noted
in the background, history shows that stability in particular is an essential component of successful
matching mechanisms [Roth, 2002].
First, we analyze cost sharing under the marginal-cost defection model and find that stability is
difficult to achieve. Second, we present two cost-sharing schemes under the envy-free defection model
that achieve many of our desiderata.

3.4.1

Cost Sharing under the Marginal-Cost Defection Model

One difficulty in defining the cost/price of a defection is that the cost imposed by a consumer on
a producer depends on the consumers already matched to that producer. We address this with two
cost-sharing schemes below. Here we begin by considering marginal cost payments—where a consumer
defecting to a new producer, or changing profile, pays the marginal cost imposed on the new producer
(or existing producer)—and their stability properties.
Ideally, we would like payments to be core stable, wherein no group of consumers can benefit by
defecting. Core stability is not always achievable in this game: since LB can be reduced to our model,
their proof that the core may be empty (under much simpler producer cost functions) applies to our
model as well. Core stability is a very strong notion that is hard to attain without sacrificing social
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welfare. Fortunately, achieving it is not critical in practice if large groups of consumers cannot effectively
discover, communicate and coordinate their actions.
A weaker, but more practical concept is Nash stability, which accounts for defections by single
consumers. It is informative to examine the pure Nash equilibria (NE) with the worst and best social
welfare.
Figure 3.1 shows our results for the price of stability (PoS) and price of anarchy (PoA) under producer
price functions with various combinations of model features. The PoS results form a dichotomy. With
capacity constraints, but without ramp or shutdown constraints, there is a Nash equilibria that maximizes
social welfare. Allowing either ramp or shutdown constraints is sufficient to ensure the non-existence of
(pure) NE. The dichotomy of PoS results can be understood in terms of the market games of Section 2.1.6.
With base and tracking layer only, the social welfare optimization is convex, which guarantees that stable
payments can be found. Adding ramp or shutdown constraints may violate convexity to an arbitrary
degree.
Theorem 3.2. There is no cost-sharing scheme that achieves a pure price of stability better than 8
when producer price functions have capacity constraints and ramp constraints.
Proof. Consider an instance with two consumers, two producers and a single time period. Each consumer
has a single demand profile of 1 with value 2 and outside option value 0. Producer m1 has an MEGL
of 1.5, base layer cost 1, shutdown cost 1 and large base layer capacity. Producer m2 has no MEGL,
base layer cost 0.75 and base layer capacity 1. This instance has no pure NE. There are three feasible
matchings. First, we can match both consumers to m1 : total cost is 2, so one of the consumers pays
at least 1. This consumer has incentive to defect to m2 to pay 0.75. The other matchings have one
consumer matched to m1 and the other to m2 . Because the shutdown cost is removed when the m2 consumer moves to m1 , the net cost she imposes by defecting is 0. Thus, the consumer who is matched
to m1 must pay the entire cost imposed on both agents for the assignment to be stable, which is 3 ą 2,
making defection to the null producer attractive. Thus, no matching is stable.
Theorem 3.3. There is a cost-sharing scheme that achieves a pure price of stability of 1 when producer
price functions have only tracking layers and capacity constraints.
Proof. Consider the social welfare optimal matching µ and suppose each producer charges each matched
consumer the average price per unit times the number of units she consumes. By way of contradiction,
suppose consumer n1 benefits by defecting to m using profile π. Let the matching after defection be µ1 .
Let pµpn1 q and p1µpn1 q be the average price per unit for µpn1 q before and after n1 ’s departure, respectively.
When n1 defects, the average unit cost for demand on µpn1 q decreases because some demand that was
previously met with the tracking layer may be met with the base layer. Thus p1µpn1 q ď pµpn1 q . Since n1
defected, V pµp pn1 qq ´ |µp pn1 q|pµpn1 q ď V pπq ´ Cm pµ1´1 pmqq ` Cm pµ´1 pmqq. These inequalities can be
rearranged to show that social welfare before the defection is less than the social welfare after, which is
a contradiction.
Theorem 3.4. There is no cost-sharing scheme that achieves a pure price of stability better than 8
when producer price functions have shutdown costs and capacity constraints.
Proof. Consider an instance with two consumers, two producers and a single time period. Suppose each
consumer has a demand of 1, value of 2 for their demand and outside option of value 0. Suppose that
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Feature
Shutdown costs
Ramp constraints
Tracking layer
Base layer only

w/ capacity
constraints
PoS “ 8
PoS “ 8
PoS “ 1, PoA “ 8
PoS “ 1, PoA “ 8

w/o capacity
constraints
?
PoS“?, PoA “ 8
N/A
P oA “ 1

Table 3.1: Table of stability results for combinations of producer price function features under the
marginal cost defection model.
producer m1 has a MEGL of 1.5, base layer cost of 1, shutdown cost of 1 and a large base layer capacity.
Producer m2 has no MEGL, base layer cost of 0.75 and base layer capacity of 1. This instance has
no pure Nash equilibria. There are three feasible matchings. First, we can match both consumers to
producer m1 . In this case, since the total cost is 2, one of the consumers is paying ě 1. This consumer
has incentive to defect to m2 to pay 0.75. The other feasible matchings have one consumer matched to
m1 and the other to m2 . Because the shutdown cost is removed when the consumer that is matched
to m2 moves to m1 , the net cost that customer imposes by defecting is 0. Thus, the consumer who is
matched to m1 would have to pay the entire cost imposed on both agents for the assignment to be stable,
which is 3 ą 2, which makes defecting to the null producer attractive. Thus, none of the matchings are
stable.
We show that capacity constraints plus any other feature ensures an infinite price of anarchy.
Theorem 3.5. There is no cost-sharing scheme that achieves a pure price of anarchy better than 8
when producer price functions have ramp constraints.
Proof. Suppose we have a two-period model with two producers with no ramp capacity, i.e., the only
feasible matchings have an identical load on a particular producer in both periods. Suppose that there
exists a feasible matching with social welfare ą 0. If there does not exist a consumer with identical loads
in both periods, the matching where every consumer is matched to the null producer is also stable. In
the case where the outside options are 0, the price of anarchy is 8.
Theorem 3.6. There is no cost-sharing scheme that achieves a pure price of anarchy better than 8
when producer price functions have capacity constraints.
Proof. Consider an instance with two producers, two consumers and a single time period. Producer m1
has base layer cost 1.5 and capacity 1 and producer m2 has base layer cost 0 and capacity 1. Suppose
consumer n1 has demand  ăă 1, valuation  and outside option 0 and consumer n2 has demand
1, valuation 1 and outside option 0. The social welfare optimal matching µ˚ is µ˚ pn1 q “ m1 and
µ˚ pn2 q “ m2 which has SW pµ˚ q “ 1 `  ´ 1.5 “ 1 ´ 0.5. Consider the matching µpn1 q “ m2 and n2
unmatched, and where n1 pays the entire cost of 2 . SW pµq “  ´ 2 . n1 does not want to defect to
m1 because she would incur a cost of 1.5 ą 2 , nor does she want to be unmatched as  ´ 2 ě 0. n2
does not want to defect to m1 because her net change in utility would be 1 ´ 1.5 ă 0. n2 cannot defect
to m2 because m2 does not have enough capacity. Thus µ is stable. SW pµ˚ q{SW pµq “ 1´0.5
´2 . As 
approaches 0, this ratio approaches 8.
Allowing for a base layer only without capacity constraints reduces the model to an economic exchange
variant, which has a price of anarchy of 1.
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Theorem 3.7. There exists a cost-sharing scheme that achieves a price of anarchy of 1 when producer
price functions have a base layer only with no capacity constraints.
Proof. Consider the cost-sharing scheme where each consumer pays the number of units consumed times
the price of the producer they are matched to. By using this scheme in this setting, the prices paid
are not affected by the behavior of other consumers. Thus, the social welfare optimal matching is
obtained by maximizing the utility of each consumer individually. Note that by using this scheme in this
setting, the worst-case defection model and the envy-free defection model are equivalent. Also, the prices
paid under the defection model are the same as those that would have been paid if the consumer had
originally been matched to the producer they were defecting to. The social welfare optimal matching
is stable because switching profiles and producers cannot increase the net utility of any consumer since
this quantity is maximized in the social welfare optimal matching. Any other matching is not stable
because this quantity can be increased. Thus, the price of anarchy is 1.
While the best NE may be arbitrarily worse than the social welfare optimal matching, one might
hope that the optimal matching is close to a NE in practice. We have found this is generally not the
case, but we do not focus on that question in this work. Since marginal cost defection pricing fails
to induce stability, we consider two cost-sharing schemes that assume “envy-free” defection pricing, in
which a defector is treated no differently than a consumer who was originally matched to that producer.
Envy-free defection pricing assumes that while producers are free to make offers to any consumer, they
cannot offer a deal to a potential defector that they do not offer to other consumers. This assumption
is realistic in a setting with many small consumers.

3.4.2

Shapley-Like Payments

Since the underlying problem is a cooperative game, one natural approach to cost sharing is to use the
Shapley value. We consider the group of consumers matched to a single producer to be a coalition. The
Shapley value charges each agent the average marginal cost (or benefit) they contribute to their coalition
over all possible join orders. Formally, the Shapley value of consumer n0 matched to producer m0 under
matching µ is:
spn0 q “ α

ÿ

Pm0 pdemµ pS Ytn0 uqq´Pm0 pdemµ pSqq

(3.15)

SPµ´1 pm0 qztn0 u

where α is a normalization constant (number of permutations) and demµ pxq is the total demand of the
set x of consumers when using the profiles assigned under µ. Our setting is atypical because some join
orders induce demand profiles that cannot feasibly be served (e.g., due to ramp or capacity constraints),
which is not accounted for in the standard definition of the Shapley value. To deal with this, we use a
large cost when joining a coalition causes infeasibility.3 Since all costs must be recovered, we normalize
the payments so that the total paid by these consumers matched to a producer j equals the total charged
by j.
Shapley values provide a conceptually simple approach to cost sharing that captures price functions
well and is “fair.” However, it is computationally intractable if all agents are distinct because it requires
3 We believe that it is reasonable to charge an agent a larger share of cost if he frequently causes infeasibility. Note
that, in the general case, we cannot average over feasible join orders only because there may not be any join orders where
every addition is feasible.
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iterating through all permutations of agents. To overcome this in a practical optimization and pricing
procedure, we sample permutations to approximate Shapley costs. In addition, Shapley payments do not
explicitly aim for stability, and indeed, we see they are not inherently stable. Hence, we allow Shapley
values to be adjusted ˘10% within each generator to increase stability, though even this modification
does not guarantee stability. 10% is chosen because it is a modest deviation from the true Shapley
values. Ideally, we desire a method to sacrifice some social welfare to improve stability, specifically to
find matchings on the Pareto frontier of social welfare and degree of stability. This is difficult, however,
because we can’t efficiently maximize stability: producer price functions are far from concave and do
not admit good concave upper bounds.
However, we find that sampling the matchings with high social welfare allows us to gain a significant
amount of stability without losing much social welfare.4 We sample matchings in two ways: through
exclusions and cuts. Both use the well-known linear constraint that precludes a particular assignment
of binary variables tX0 “ x0 , X1 “ x1 , . . . , Xn “ xn u from being selected by an optimization:
ÿ
i:xi “1

ÿ

Xi ´

Xi ď

i:xi “0

ÿ

xi ´ 1

(3.16)

iPrns

Recall that the MIP formulation of social welfare maximization contains two types of binary variables:
the matching variables yi,j,k that indicate that consumer i is matched to producer j and is using profile
pSCq

k, and the support variables of the PPFs, such as Ij,t

which indicates whether producer j incurred

a shutdown cost at time period t. The exclusions method focuses on matching variables only: each
iteration is the standard social welfare maximization plus a constraint in the form of Equation 3.16
for each setting of matching variables corresponding to the matchings found in previous iterations.
Empirically, this decreases social welfare only slightly. Thus, after a fixed number of iterations, we
return the matching with the highest stability.
The cuts method requires that both the matching variables and the support variables are different
from the values used in previously found matchings. A given iteration of the cuts method includes the
following additional constraints:
1. The constraints used by the exclusion method.
2. For each previous iteration, a constraint of the form of Equation 3.16 over the setting of the binary
pRCq

PPF support variables used in that iteration. These variables are tIj,t
pSCq

tIj,t

: j P M, t P rT su and

: j P M, t P rT su.

As is the case with the exclusions method, the cuts method causes only a small loss in social welfare.
Thus, we return the matching with the highest stability after a fixed number of iterations.
Note that the behavior of the cuts method is highly dependent on the form of the PPFs and may
not be applicable to all PPFs whereas exclusions can be applied in any matching setting. Cuts require a
more drastic change to the matching, decreasing social welfare by a larger amount, but sampling more
diverse areas of the matching space. These two methods are compared below.

3.4.3

Similarity-Based Envy-Free Payments

The standard notion of envy-freeness—that no agent would prefer to receive the outcome received by
another agent–is too weak in our setting. Since demand profiles are real-valued vectors, they are generally
4 The

same techniques can be used to enumerate matchings when searching for approximate NEs with high social welfare.
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unique in that no two consumers share an identical profile. To handle this, we consider a generalization,
similarity-based envy-freeness (SBEF), where vectors that are “close” (we use L2 -distance) are priced
identically (on a per-unit basis). Specifically, we use a clustering algorithm to partition the demand
profiles, and constrain the unit price for any profile in a given partition to be equal. Our experimental
model uses 24 one-hour time periods. While we could use demand in each period as the feature-vector for
clustering, we instead use higher level features: the average and standard deviation of the demand across
all periods; the global maximum and minimum demands, and the gap between them; and the average
and standard deviation of demand in 6-hour windows. These high-level features blur the boundaries
between partitions, which could be misleadingly granular if demand profiles were used directly. For
instance, with demand profiles, we might distinguish two partitions based on consuming more or less
than x units from 1–2 PM, which might lead consumers to respond to these specific features (e.g., by
shifting some tasks from 1–2 PM to 12–1 PM). Such specific responses are unlikely to have a large effect
on generation cost, especially if other consumers behave likewise. By using abstract features, consumer
responses tend to have a greater effect on generation cost.
We use Ward clustering, an agglomerative clustering algorithm, to partition demand profiles [Ward Jr,
1963]. Ward clustering proceeds as follows:
1. Initialize each data point to be its own cluster.
2. Repeat until the desired number of clusters is reached:
(a) For each cluster Ai , calculate ∆pAi q, the sum of squared Euclidean distances from each point
in the cluster to the centroid.
(b) For each pair of clusters Ai and Aj , consider the cluster Ai Y Aj that would result from
merging the two. Calculate ∆pAi Y Aj q.
(c) Merge the two clusters that minimize ∆pAi Y Aj q ´ ∆pAi q ´ ∆pAj q.
Ward clustering runs in linear time.
Ward clustering constructs partition boundaries that are difficult to communicate. To address this, we
approximate the resulting clusters by building a bounded-depth decision tree (using CART [Breiman et
al., 1984]) with easily understandable partition boundaries based on a small number of features, without
sacrificing much stability. In general, the choice of partitioning scheme should support desiderata for
price functions. In summary, the procedure we use for calculating SBEF payments is as follows:
1. Partition demand profiles using Ward clustering on high-level feature vectors of the demand profiles.
2. Approximate the resulting clusters with a decision tree.
3. Find a matching that maximizes stability, subject to (i) recovering all costs, and (ii) requiring a
fixed unit price for profiles in any given partition.
The last step requires solving the social welfare maximizing MIP as well as an additional linear program
to find payments that minimize the incentive to defect. The variables in the linear program are p where
where pj,A is the per unit price for generator j and cluster A.
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min w
p

subject to
ÿ
iPN

pµpiq,µP piq

ÿ

P

pµ piqqt ěCostpµq
tPrT s

ÿ

pkq

w ěVi pπi q ´ pj,Apπpkq q
i

pkq

πi,t ´

tPrT s

Vi pµP piqq ` pµpiq,µP piq

ÿ

pµP piqqt

@i P N, @j P M, @k P Πi

(3.17)

tPrT s
pkq

pkq

where Costpµq is the cost of matching µ and Apπi q is the cluster assigned to profile πi . The
first constraint ensures that the revenue raised covers the cost of the matching. The second makes the
objective minimize the maximum incentive to defect.
SBEF ensures that consumers are indifferent to which producer they are matched if the generators
have similar enough price functions.
Observation 3.1. Assume two or more generators. Suppose we have a matching µ and a set of SBEF
payments p. If at least one profile in each partition is assigned to each generator and the maximum
incentive to defect is 0, all generators must offer the same unit price in each partition.
Proof. If this were not the case, there exists some consumer that is matched to a a more expensive
generator given her profile. This consumer would have an incentive to defect that is at least equal to
the (positive) difference between the costs of two generators for that profile.
The price differences between “adjacent” partitions will be “reasonable” if there are enough consumers
with demand profiles in multiple partitions. When a consumer has demand profiles in two partitions,
stability puts pressure on the difference in price between two partitions to be small w.r.t. the difference in
their valuations. The SBEF price procedure is somewhat more conceptually complex than Shapley-like
payments, but it is much more computationally efficient and it addresses envy-freeness more directly
than Shapley. While the Shapley payments within a coalition may be intuitively fair, the assignment of
similar profiles to particular producers by social welfare optimization may be somewhat arbitrary and
result in payments that are far from envy-free. We see below that SBEF payments have much stronger
stability properties in practice than Shapley.

3.5

Model of Consumer Demand

To test our algorithms, we use a model of the US residential energy market. Building characteristics
are based on the 2011 Buildings Energy Data Book [D&R International, Ltd., 2012]. The building
thermal model, which includes temperature, solar radiation and a miscellaneous factor, is derived from
[Huang et al., 1999]. Roughly, we independently sample square footage and insulation level from known
US distributions. Using appliance surveys, we randomly generate appliances and load events for each
appliance. We then calculate air conditioner loads for a variety of target interior temperatures. External
conditions are those of July 10, 2010 in San Antonio, Texas: since most home electricity use is due to

Chapter 3. Approximately Stable Pricing for Coordinated Purchasing of Electricity57
air conditioning, hot summer days stress generation heavily and induce larger incentives for consumers
who are willing to alter their behavior.
Buildings have the following features:
1. Building floorspace (square feet). The floorspace of a building is the main metric of size in surveys.
We use it to determine the general level of electricity consumption of a building as well as to
extrapolate the volume and surface area of a building for heating and cooling purposes.
2. Building volume (cubic feet). Volume is one important component of determining heating and
cooling costs for buildings. We calculate the building volume by assuming that the ceilings are 8
ft high.
3. Heater and air conditioner properties.
(a) Heater type (gas or electric). If heater is electric, we rely on heater efficiency (Btu per Watthour). Typical efficiency is 3.413 Btu per Watt-hour since we are only concerned with electric
heaters. We assume that heaters have infinite output power.
(b) Air conditioner efficiency (Btu per Watt-hour). Air conditioner efficiency at a given moment
depends on outside temperature, but for simplicity, we assume that it is fixed. Typical air
conditioner efficiency ratings are averages across a variety of conditions. The typical range for
these average efficiency ratings is 10–14 Btu per Watt-hour. We assume that air conditioners
have infinite output power.
4. Window surface area (square feet) SAwindow .
5. Wall surface area (square feet) SAwall .
6. Roof surface area (square feet) SAroof .
7. Window shading coefficient (dimensionless) W SC. This number represents the fraction of solar
radiative heat transmitted by a window; range 0.57–0.74.
8. Insulation levels (ft2 ¨˝ F¨hr{Btu). These represent the amount of heat per unit surface area carried
through a particular medium per degree of difference between interior and exterior temperatures.
(a) Window insulation level Rwindow . The range of insulation values will is 1.3–1.7.
(b) Wall insulation level Rwall . The range of insulation values will is 2.5–7.
(c) Roof insulation level Rroof . The range of insulation values will is 9–14.
9. Temperature preference surface (input units are time and degrees Fahrenheit, and output units
are dollars). The temperature preference curve represents the cost (in dollars) of maintaining a
particular temperature at a particular time; this cost may represent discomfort and/or lost revenue
depending on the type of agents involved.
10. Lighting power density (Watts per square foot). Heating generated by lighting is an important
component of heating and cooling costs. Typical power density for lights is between 1–2.5 Watts
per square foot. We approximate that 75% of this power is emitted as heat.
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External Conditions.

The population of agents shares a common external context consisting of

several factors.
1. Temperature (units time to degrees Fahrenheit).
2. Solar radiation (units time to Btu per square foot per second) SRptq.
Heat Transfer Calculation.

Given these numbers, we calculate the overall heat transfer. For

conductive transfer, the instantaneous heat transfer is given by:
ˆ
1.75∆T

SAwindow
SAwall
SAroof
`
`
Rwindow
Rwall
Rroof

˙
(3.18)

where ∆T is difference between the interior and exterior building temperatures. Note that 1.75 is a
corrective factor to make up for heat transfer not modeled (i.e., ventilation, foundation, and infiltration).
For radiative transfer, it is:
0.33 ˚ SRptq ˚ SAwindow ˚ W SC

(3.19)

where 0.33 is an estimate about the amount of time a particular window is exposed to the sun each day.

3.6

Experiments

In all experiments, we use 50 consumers, 2 producers, 4 profiles per consumer, 24 time periods, and run
50 trials for each experiment. We use a small number of consumers because Shapley values are expensive
to compute—each marginal contribution calculation requires running another optimization. We are able
to optimize social welfare and find SBEF payments for instances with 2500 consumers, 2 producers, 4
profiles per consumer, 24 time periods in 30 minutes on average on 12x2.6GHz, 32GB machine using
CPLEX 12.51. Scalability could be increased further by: (i) using a simpler clustering algorithm and (ii)
compressing the optimization by grouping similar consumers/demand profiles together. Shapley value
computation could be sped up by either approximating the marginal contribution and only reoptimizing
every few new agents, or by caching the optimization results. In this setting, the social welfare optimal
matching has a mean social welfare of $837.5 with standard deviation of $138.8, or around $16.75 per
consumer.

3.6.1

Shapley-Like Payments

Figures 3.7 and 3.8 show results using Shapley payments. Each trial requires about one hour of computation, almost all of which is to approximate Shapley values. We sample 30 random join orders, a
number which was determined empirically to induce convergence. Initial maximum (over consumers)
incentive to defect (MItD) is $17.6 on average (standard deviation $16.4), which is 105% of the average
utility per consumer. After 14 iterations, mean MItD was $7.8 with cuts (44% of the original, 46% of
per-consumer average utility) and $13.9 with exclusions (79% of the original, 83% of per-consumer average utility). Cuts decreased MItD faster than exclusions—after two cuts, MItD decreased to $13.8. on
average, a greater reduction than 14 exclusions. (Standard deviations are large because they include the
variation among instances.) Using a paired t-test, the difference between MItD using cuts vs. exclusions
is statistically significant after 2 iterations (p ă 0.05).
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Figure 3.7: Max and average incentive to defect for maximally-stable matchings using Shapley-like
payments. The corresponding social welfare is shown in Figure 3.8.

Figure 3.8: Social welfare for maximally stable matchings using Shapley-like payments.
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Gini
importance

Avg.
12-6pm

Std.
dev.

Std. dev.
12-6pm

Max

0.46

0.32

0.14

0.034

Table 3.2: Table of stability results for combinations of producer price function features under the
marginal cost defection model.

Since the MItD is primarily influenced by agents with large demands, the average incentive to defect
is also shown on Figure 3.7. For consumers with a positive incentive, (i.e., a defection that is more
attractive than their assignment), the mean decreased from $2.81 to $2.57 with exclusions (91.3% of
the original) and to $1.52 with cuts (54% of the original), correlating with the decreases in MItD, but
showing a less dramatic drop when cuts are used. The percentage of agents with positive incentive
increased slightly after 14 iterations, from 50% to 52.6% with exclusions and 50.3% with cuts. This
appears to be a spurious consequence of the enumeration process.
Exclusions reduced social welfare by less on average than cuts. The percentage of max social welfare
under exclusions had a mean of 99.9% after 14 iterations, while cuts had a mean of 98.6%. Since
exclusions enumerate every matching, exclusions enumerate those returned by cuts, but they are much
slower—the first cut has greater effect than 14 exclusions.

3.6.2

Similarity-Based Envy-Free Payments

Figure 3.9 shows the effect of using different numbers of partitions and decision tree depth within SBEF
payments on mean MItD. Each trial takes only a few seconds (in stark contrast to Shapley). It is
important to note that these results all use the social welfare optimal matching—since stability is so
high, we do not explore the trade-off between stability and social welfare (though cuts and exclusions
could be used here, as above). The same enumeration techniques used for Shapley-like prices (exclusions
and cuts) could also be applied here to increase stability further by trading off social welfare. We see
that SBEF payments are highly stable under all tested conditions. Stability increases with the number
of partitions: mean MItD is $1.76 with two partitions (standard deviation $2.03, 11% of per-consumer
average utility) and $0.71 with nine (standard deviation $1.21, 4% of per-consumer average utility).
Having more partitions tends to reduce potential “envy-freeness” as fewer consumers are in each. The
figure also suggests that a minimum tree depth is needed for the decision-tree approximation to be as
stable as the original partitioning: from one level for two partitions, up to four levels for six or more
partitions. Mean incentive for customers with a positive defection incentive increases slightly with the
number of partitions: $0.21 with 2 partitions and $0.24 with 9 partitions. The number of customers
with positive defection incentive decreased from 34% with 2 partitions to 24% with 9.
We use Gini importance to assess the feature importance in the partition-approximating decision
trees. Table 3.2 shows the four most important features across all instances with four partitions and a
decision tree of depth 3. Because temperatures and solar radiation peak in the afternoon, the fact that
afternoon consumption is the most important determinant of production price makes sense. While this
cost-sharing scheme resembles time-of-use pricing, the features that affect overall cost change on the fly,
dynamically reflecting their impact on generation cost.
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Figure 3.9: Stability of different numbers of partitions and decision tree depths approximating those
partitions.

3.7

Conclusion and Future Work

We have presented a market model for matching electricity producers and consumers, which can be
tractably optimized for a large number of consumers. Consumers can present multiple demand profiles,
which allows the matching mechanism to offer discounts to consumers if they are willing to shift demand
in a way that reduces production costs. We showed that Nash-stable matchings may not exist in settings
with realistic producer price functions. In particular, the presence of capacity constraints and either
shutdown or ramp constraints is enough to allow an instance to have zero Nash equilibria.
We presented two alternate cost-sharing schemes: one based on the Shapley value and a new approach
called SBEF. Because stability is difficult to optimize directly, we develop ad hoc schemes for increasing
stability while sacrificing social welfare. We find that in the Shapley value case, these schemes result in
a significant reduction in mean MItD with only a small decrease in social welfare (ă 2%). However, the
mean MItD is still substantial with the best ad hoc method, around 46% of the per consumer average
utility. SBEF does better, achieving a mean MItD of 4-11% of average consumer utility depending on
the selected parameters, which could be improved further with the methods we developed in the Shapley
value case. SBEF also scales far better than Shapley.
There are several possible directions for future work.5 The key contribution of this chapter is a
framework for efficiently computing payments in a large non-convex game where even Nash stability may
not be attainable. It is likely that many practical cooperative games have these properties, but games of
this type have not received much attention in the literature. We show that despite the unattainability of
“ideal” payments, we can define a series of desiderata and find payments that do quite well under those
desiderata—in particular, by trading off a small amount of social welfare, we can gain a large amount of
stability. However, guided by the message of Sandholm and Boutilier [2006], we do not study preference
elicitation or incentives in preference elicitation. Note that these questions recur at the end of Chapter 4.
We would like to address these issues by making preference elicitation the main focus and dealing
with the incentive issues in the context of the preference elicitation procedure, with the justification
5 Future

work that is narrowly related to each chapter is discussed in that chapter and broader related work at the end
of the thesis.
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that, unlike in combinatorial auctions, a very natural and low effort elicitation scheme is critical because
agents have limited effort and patience to spend on interacting with the mechanism. This perspective in
itself makes incentive issues less important than in the CA setting, but we would still like a procedure
that has good incentive properties. We discuss two approaches to attain these properties. The first is
to extend the methods of this chapter and study the questions empirically. The second is to make use
of VCG payments.
The incentive properties of an elicitation scheme can be measured empirically by calculating the
incentive to misreport for each query. The question then becomes when the incentive to misreport is low
enough, because misreporting can have a snowballing effect: once one agent misreports, it changes the
incentive properties for the other agents. This can again be measured empirically, for example, by giving
each agent a stochastic function that triggers a misreport based on their myopic incentive to do so. At
the end of the experiment, one can measure how much the resulting payments satisfy the desiderata
raised in this section, with respect to both the true and reported utility functions. It is worth noting
that misreporting effectively requires a lot of information about the other agents, and we would expect
that the informational barrier would have some effect in practice but it is not clear how to model it. This
is a broader question that arises in all market design problems and is mainly avoided by the existence
of a mechanism that has good incentive properties even under complete information. This setting is
sufficiently difficult that it is worth considering how information flows could be modeled.
Note that even with a preference elicitation scheme that is designed for convenience, there is the
potential to prove guarantees on incentive compatibility. This is addressed in the Chapter 4.
The second approach to the incentive problem is to make use of the VCG mechanism. We know
that if we use the VCG outcome and Clarke payments, there is no incentive to misreport. Calculating
them exactly does not seem promising because it requires running the optimization once for each agent,
which is intractable in a large setting. There is the possibility of approximating VCG payments and
maintaining incentive compatibility, but the mechanism must use the social welfare maximizing allocation
in order to access the incentive guarantee of VCG, and this chapter argues that this allocation is not
desirable because of its poor stability properties. Recall that the incentive properties of VCG are
extremely sensitive to the mechanism selecting an outcome that does not maximize social welfare (see
Observation 2.5 in Section 2.3.4).
However, many properties of VCG are maintained under any choice of “organizing function”, i.e., we
can substitute some other function for social welfare and use the outcome that maximizes it instead. For
example, both incentive compatibility and the non-positivity of payments under the Clarke pivot rule
hold for any choice of function. Thus, there is the possibility of selecting an organizing function that
includes both social welfare and stability. There are a few difficulties facing us if we were to do this.
1. The individual rationality of VCG with the Clarke pivot rule may be affected.
2. The function would likely be quite difficult to optimize exactly, which is why we take a more
heuristic approach to optimization in this chapter. Unfortunately, Observation 2.5 shows that
failing to optimize the function exactly can yield a massive incentive to defect for each agent.
3. Another difficulty is budget balance, i.e., that the payments of the agents sum to the price charged
by the producer. Budget balance is difficult to guarantee in VCG mechanisms in general, and it is
likely that empirical work would have to be done.
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There is quite a lot of flexibility in VCG mechanisms through the choice of pivot rule, but, in order to
maintain incentive properties, it is important that the choice of pivot rule for a particular agent is never
affected by that agent’s report. We return to the question of extending VCG in Chapter 6.
The second major area of future work concerns SBEF. SBEF is similar to a generalized concept of
fairness in supervised learning that was introduced by Dwork et al. [2012] (henceforth, DHPRZ). They
consider the following setting. Let N be a set of agents and A be a set of alternatives. The goal is to
assign each user a distribution over the alternatives to minimize some loss function L : N ˆ A Ñ IR.
DHPRZ define fairness in this setting by saying that a distribution over outcomes is fair if, for any two
agents, the distributions they are assigned differ by at most a function of the distance between their
types. They argue that classifiers should be run to minimize the loss function while respecting the
fairness constraint.
DHPRZ fairness is quite conceptually similar to SBEF, except that it is a continuous version of the
concept. Instead of requiring that agents that are in the same cluster pay the same price, DHPRZ
fairness requires that the more similar agents are, the more similar the price they should pay.
SBEF may be applied as a more practical form of DHPRZ fairness because it is more efficient to
optimize. DHPRZ fairness requires a quadratic number of constraints in the number of agents because
the property must be enforced between every pair of agents. For SBEF, the optimization is to set the
outcome family that is assigned to the agents in each partition. At a minimum, for example in the case
where the outcomes in each partition have to be DHPRZ fair w.r.t. to the other agents in that partition,
each partition can be optimized separately. In this chapter, it is even more efficient than that because
we can set a price per partition and achieve fairness that way.

Chapter 4

Multiple-Profile Prediction-of-Use
Games
In this chapter, we discuss an electricity market design problem driven by inefficiencies caused by consumption prediction. Our goals are (i) to coordinate the consumption of electricity across agents whose
value for “consuming unpredictably” varies and (ii) to divide the costs of electricity consumption across
the agents in a stable way. We approach the problem using cooperative game theory. We find we can
achieve our goals by extending the techniques of Robu et al. [2017], who develop a cooperative gametheoretic model of a similar scenario, except that agents are not allowed to adjust their consumption
decisions in response to those of other agents. We show that our extension maintains many of the useful
properties of Robu et al.’s model, while offering a large increase in social welfare in our experiments.
Giving agents the ability to change their consumption decisions raises a principal–agent problem which
we address using a new technique, separating functions, that has many useful properties. Parts of the
work in this chapter originate in Perrault and Boutilier [2017].

4.1

Introduction

In many countries, energy suppliers face a two-stage market, where suppliers purchase energy at lower
rates in anticipation of future consumer demand and then reconcile supply and demand exactly by
purchasing at a higher rate at the time of realization through a “balancing market” [Team, 2011].
The cost to energy suppliers is thus highly dependent on their ability to predict future consumption, but
consumers typically have little incentive to consume predictably in a fixed-rate tariff environment, where
consumers pay for electricity at a fixed price per kilowatt-hour (kWh). This misalignment of incentives
makes the electricity market less efficient because consumers who would be willing to consume more
predictably in exchange for a lower price are not given the option to do so.1 This chapter focuses on the
market design problem that arises from the misalignment of predictability incentives.
The role of uncertainty in electricity markets can be seen in Figure 4.1, which shows demand forecasts
and actuals for a single day. On this day, actual demand is quite close to the predictions, but there is
1 We talk about the misalignment problem from the perspective of suppliers (middlemen) instead of producers, in
contrast to the last chapter. This is to follow Robu et al. [2017]. The underlying reason for the incentive misalignment
is that producers can serve demand more efficiently (by dispatching generation more efficiently) if they have accurate
forecasts, and they pass this cost structure on to the suppliers.
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Figure 4.1: A view of electricity markets for one 24-hour period in California, taken from the California
Independent System Operator, which oversees the electricity system in California.2

nonetheless some difference, even between actual and the hour-ahead prediction. Notice that the amount
of available generation is tracking actual demand, but is about 40% higher. While the predictions appear
to be quite accurate in this case, the amount of reserve indicates the level of uncertainty in the system.
Prediction-of-use games were developed by Robu et al. [2017], hereafter RVRJ, to address this misalignment of incentives. Prediction-of-use games incentivize consumers to report reasonably accurate
predictions of their own consumption, thus offering access to their private information about the future.
This has two beneficial effects. The first is to address the incentive misalignment by creating the incentive to be predictable. The second is that suppliers gain access to the consumer’s private information,
which may improve their predictions of consumer behavior.
RVRJ analyze a setting where flat tariffs are replaced with prediction-of-use (POU) tariffs, in which
consumers make a payment based on both their actual consumption and the accuracy of their prediction.
Similar tariffs have been deployed in practice, primarily directed at industrial consumers [Braithwait et
al., 2007]. RVRJ analyze the cooperative game induced by POU tariffs, in which consumers form buying
coalitions that reduce (aggregate) consumption uncertainty, and find that, under normally-distributed
prediction error, the game is convex. Convexity is a powerful property that significantly reduces the
complexity of important problems in cooperative games, both analytically and computationally.
While attractive, the POU model has a significant shortcoming. Though it could be adapted to model
how consumers change their consumption in reaction to price changes, consumers cannot coordinate their
consumption choices within the POU model. A consumer’s optimal consumption profile—a random
variable representing the individual’s possible behaviors or patterns of energy consumption—depends
2 Available

for current day and previous month at https://www.caiso.com.

Chapter 4. Multiple-Profile Prediction-of-Use Games

66

on the profiles used by others. In POU games, the only consumer choice is which coalition to join—
a consumer’s demand is represented by a single prediction, reflecting just one selected (or average)
consumption profile for each individual. In essence, consumers predict their behavior without knowing
anything about others in the game. While the POU model can offer social welfare gains when the
profiles are selected optimally, we show they can result in significant welfare loss when profile selection
is uncoordinated.
We introduce multiple-profile POU (MPOU) games, which extend POU games to admit multiple
consumer profiles. This allows consumers to coordinate the behaviors that change their predictions,
facilitating the full realization of the benefits of the POU model. We show that MPOU games have
many of the same properties that make the POU model tractable, e.g, convexity, which makes the
stable distribution of the benefits of cooperation easy to compute. In addition, we show that MPOU
games are individually rational and that consumer utility is monotone increasing as the number of
truthfully-reported profiles increases. However, MPOU games also present a new challenge in coalitional allocation: since one can only observe an agent’s (stochastic) consumption—not their underlying
behavior—determining stabilizing payments for coalitional coordination requires novel techniques. We
introduce separating functions, which incentivize agents to take a specific action in settings where actions
are only partially observable.
We experimentally validate our techniques, using household utility functions that we learn (via
structured prediction) from publicly available electricity use data. We find that the MPOU model
provides a gain of 3-5% over a fixed-rate tariff across several test scenarios, while a POU tariff without
consumer coordination can result in losses of up to 30% from a fixed-rate tariff. These experiments
represent the first end-to-end study of the welfare consequences of POU tariffs.
The remainder of the chapter is organized as follows. Section 4.2 reviews cooperative games, the POU
model and related work. Section 4.3 introduces MPOU games and Section 4.4 proves their convexity.
Section 4.5 outlines the new class of incentive problems that arises when the mechanism designer cannot
(directly) observe an agent’s selected profile, and develops a general solution to that problem. Section 4.6
briefly discusses manipulation. In Section 4.7, we describe an approach for learning consumer utility
models from real-world electricity usage data, and experimentally validate the value of MPOU games
using these learned models in Section 4.8.

4.2

Background

We begin with basic background on POU games. For an overview of cooperative games, see Chapter 2.

4.2.1

Prediction-of-Use Games

A prediction-of-use (POU) game is a tuple xN, Π, τ y, where N is a set of agents, Π is a set of consumption
profiles, and τ is a POU tariff. Each i P N uses electricity according to a consumption profile in Π, a
normal random variable with mean µi and standard deviation σi , say, in kilowatt-hours (kWh). Let xi
denote i’s realized consumption, xi „ N pµi , σi q. POU games will be treated as cooperative games, and
the definition of coalition is given below. Agents are assumed to truthfully report their profiles to the
coalition. We do not address elicitation or estimation of consumption here, except briefly in Section 4.6.
A POU tariff has the form τ “ xp, p, p̄y, and is intended to better align the incentives of the consumer
and electricity supplier, whose costs are greatly influenced by how predictable demands are. Each agent
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i is asked to predict a baseline consumption bi , and is charged p for each unit of xi , plus a penalty that
depends on the accuracy of their prediction: p̄ for each unit their realized xi exceeds the baseline, and
p for each unit it falls short:
$
&p ¨ x ` p̄ ¨ px ´ b q if b ď x
j
i
i
i
i
i
ψpxi , bi , τ q “
%p ¨ x ` p ¨ pb ´ x q if b ą x
i
i
i
i
j
i

(4.1)

To ensure agents have no incentive to artificially inflate consumption, we require 0 ď p̄ and 0 ď p ď p
[Robu et al., 2017]. An agent i should report a baseline that minimizes his expected payment. RVRJ show
p̄
that i does this by predicting b˚ “ µi `σi Φ´1 p p̄`p
q, where Φ´1 is the inverse normal CDF. They also show
p̄
ş p̄`p
that i’s expected payment under the optimal baseline is µi p ` σi Lpp, p̄q where Lpp, p̄q “ 0 Φ´1 pyqdy.

To be more predictable in aggregate, agents may form a coalition C, where C reports its aggregate
demand and is charged as if it were a single agent. C’s aggregate consumption is the sum of the normal
ř
random variables corresponding to the members’ profiles, itself normal with mean µpCq “ iPC µi and
ař
2
standard deviation σpCq “
iPC σi . This aggregate prediction generally has lower variance w.r.t. the
mean, thus reducing total penalty payments facing C under POU tariffs (compared to members acting
individually).
RVRJ analyze ex-ante POU games. In the ex-ante game, all agent decisions, as well as any internal
transfers, or payments, are based on expected consumption (realized consumption plays no role). This
approach is justified based on two assumptions. The first is that coalitions form at the time of consumption prediction, not at the time of consumption, and the second is that agents are risk-neutral,
expected-utility maximizers. The characteristic value of coalition C is
vpCq “ ´µpCqp ´ σpCqLpp, p̄q

(4.2)

and they show that the ex-ante POU game is convex.3
POU games are closely related to newsvendor games [Müller et al., 2002], where a supplier must
purchase inventory in advance of demand and faces a penalty for oversupply (storage costs) and undersupply (lost profit). Unlike POU games, the players are the suppliers, the demand distribution is known,
and the primary object of study is the value that suppliers can gain by pooling their inventory.
In addition to POU games, others have proposed the formation of cooperatives or coalitions among
electricity consumers. Rose et al. [2012] develop a similar mechanism for truthfully eliciting consumer
demand. Kota et al. [2012] and Akasiadas & Chalkiadakis [2013] propose using coalitions to improve
reliability and shift peak power loads. The previous chapter focuses on the formation of groups of
consumers with multiple profiles to reduce peak loads. None of this work offers the theoretical guarantees
of RVRJ.
Beyond electricity markets, several authors have studied the problem of group purchasing in an
AI context. Lu and Boutilier [2012] study a restrictive class of buyer preferences (unit demand, only
the supplier affects utility) and seller price functions (volume discounts), which have strong theoretical
guarantees. Similarly, optimally matching a group of cooperative buyers to sellers has been studied
[Sarne and Kraus, 2005; Manisterski et al., 2008].
3 Technically,

they define the game as a cost game and show that the game is concave, while we use a profit game, but
results from the two perspectives translate directly.
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4.3

Multiple-Profile POU Games

We extend POU games by allowing agents to report multiple profiles, each reflecting different behaviors
or consumption patterns, and each with an inherent utility or value reflecting comfort, convenience,
flexibility or other factors. These profiles correspond to different discrete choices the consumer makes,
e.g., what temperature to set the air conditioner at or when to do laundry or dishes. This will allow an
agent, when joining or bargaining with a coalition, to trade off cost—especially the cost of predictability—
with his inherent utility. These profiles are similar to the demand profiles of Chapter 3.
A multiple-profile POU (MPOU) game is a tuple xN, tΠi u, V, τ y. Given set of agents N , each agent
i P N has a non-empty set of demand profiles Πi , where each profile πi,k “ xµi,k , σi,k y P Πi reflects
a consumption pattern (as in a POU model). Agent i’s valuation function Vi : Πi Ñ R indicates his
value or relative preference (in dollars) for his demand profiles.4 Admitting multiple profiles allows us
to reason about an agent’s response to the incentives that emerge with POU tariffs and in coalitional
bargaining. Finally, τ is a POU tariff. We use the same definition of POU tariffs and agent baselines as
in POU games above. Notice that the optimal baseline report for an agent is now defined relative to the
profile they use.
As in POU games, agents are motivated to form coalitions to reduce the relative variance in their
predictions. However, for a coalition C to accurately report its aggregate demand, its members must
select and commit to a specific usage profile. We denote an assignment of profiles to agents as A : N Ñ
Ś
ř
iPN Πi . Under such an assignment, C’s consumption is normal, with mean µpC, Aq “
iPC µpApiqq
ař
2
and standard deviation σpC, Aq “
iPC σ pApiqq. The aggregate value accrued by the coalition (prior
ř
to supplier payments) is the sum of its members’ values: V pC, Aq “ iPC Vi pApiqq.
Analogous to RVRJ’s analysis of POU games, we begin by analyzing ex-ante MPOU games, where
agents make decisions and payments before consumption is realized. The characteristic value v of a
coalition C is the maximum value that coalition can achieve in expectation under full cooperation, that
is, assuming an optimal profile assignment and baseline report. We thus define vpCq “ maxA vpC, Aq,
where
vpC, Aq “ V pC, Aq ´ µpC, Aqp ´ σpC, AqLpp, p̄q

(4.3)

Notice that profile selection, a critical component of our MPOU models, does not arise in the POU
setting.
In the following sections, we present a mechanism for MPOU games with which the grand coalition
organizes the individual consumption behavior of its members (all agents in N ) and the payments that
flow among them. The mechanism proceeds as follows:
1. Agents report their consumption profiles to the mechanism (we assume this report is truthful).
2. The mechanism calculates an assignment A of agents to profiles that maximizes social welfare. We
elaborate on this assignment optimization below.
3. The mechanism calculates an ex-ante core stable payment tpiq for each agent i that is based on all
agents using their assigned profiles. We address payment computation in Section 4.4.
4 Such

profiles and values may be explicitly elicited or estimated using past consumption data (see Section 4.6).

69

Chapter 4. Multiple-Profile Prediction-of-Use Games

4. In Section 4.5, we find that some agents have an incentive to defect from the assigned profile. This
is due to the agent’s choice of profile being only partially observable by the coalition—if there is
a profile with higher value than the one assigned, an agent can consume according to that profile
without it being immediately obvious to the coalition. Hence, we design separating functions to
prevent these defections. The mechanism calculates a separating function Di for each agent with
an incentive to defect from their assigned profile.
5. At realization time, each agent i receives payment tpiq. Each agent i with a separating function
Di receives Di pxi q, where xi is his realized consumption.
In the MPOU model, calculating a social welfare-maximizing assignment of agents to profiles requires
solving a non-convex optimization problem. We do this using a mixed integer program with an objective
function given by (4.3), a binary assignment variable for each agent-profile pair, and a constraint that
each agent is assigned exactly one profile. The last term of the objective is non-convex: σpC, Aq “
ař
2
iPC σ pApiqq. We replace the negative square root with a piecewise linear upper bound, which
requires three binary variables per segment.
max

y,I,w

ÿ

yi,k vi,k ´ p

i,k

ÿ

µi,k ´ Lpp, p̄qw

i,k

subject to

ÿ

yi,k “ 1

@i P N

k

´U IqLB `

ÿ

2
yi,k σi,k
ď αq ´ 

@q P r0, Q ´ 1s

2
yi,k σi,k
ď ´αq`1 ´ 

@q P r0, Q ´ 1s

i,k

´U IqUB ´

ÿ
i,k

IqLB ` IqUB ´ Iq ď 1
?
? ÿ
?
?
αq`1 ´ αq
αq`1 ´ αq
?
2
yi,k σi,k
ď U ´ αq`1 ` αq`1
´w ` U Iq `
αq`1 ´ αq i,k
αq`1 ´ αq

@q P r0, Q ´ 1s
@q P r0, Q ´ 1s

(4.4)

yi,k is a binary variable that is true if agent i is matched to profilebπi,k . w is an auxiliary continř
2
uous variable that represents the piecewise-linear approximation of
i,k yi,k σi,k . rα0 , . . . , αQ s is a
discretization of the region of the square root function we want to approximate. For example, we can
ř
ř
ř
2
2
2
take α0 “ miny i,k yi,k σi,k
and αQ “ maxy i,k yi,k σi,k
. Iq is true if the αq ď i,k yi,k σi,k
ď αq`1 .
ř
LB
2
UB
The lower and upper bounds are checked separately. Iq is true if αq ď i,k yi,k σi,k and Iq is true if
ř
?
2
αQ . As in
i,k yi,k σi,k ď αq`1 . U is a large constant that is greater than αQ ´ α0 and greater than
other assignment problems, we can relax the assignment variables yi,k : in practice, relaxed solutions are
very close to integral.

4.4

Properties of MPOU Games

It is natural to ask whether, like POU games, ex-ante MPOU games are convex, since convexity simplifies
the analysis of stability and fairness. We show that this is, in fact, the case. We begin with a technical
lemma.
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Lemma 4.1. Let xN, Π, τ, V y be an MPOU game. Let i P N and S Ă T Ď N ztiu and j P T zS. Then
we have:
vpS Y tiuq ´ vpSq ď vpS Y ti, juq ´ vpS Y tjuq

(4.5)

Proof. We let A˚ pSq denote the assignment of profiles that maximizes the social welfare of S. In the
case where there are multiple social welfare-maximizing configurations of S, we use the one with highest
aggregate variance. We observe that vpT, A˚ pSqq ď vpT q because A˚ pSq imposes a constraint on the
behavior of S. For technical reasons, we break the proof into two cases based on whether it is more
beneficial for i) i to join coalition S when S is configured to maximize vpS Y tiuq or ii) i to join coalition
S Y tju when S Y tju is configured to maximize vpS Y tjuq.
Case 4.1. vpS Y tiuq ´ vpS, A˚ pS Y tiuqq ą vpS Y ti, ju, A˚ pS Y tjuqq ´ vpS Y tjuq
On both sides of the inequality, we are adding tiu to a set of agents without changing the configuration
of that set of agents. Thus, the inequality implies that tiu contributes more value on the left side than
on the right side. Since the amount of value that tiu contributes depends only on the variance of the
coalition that it is joining, the inequality implies that σpS Y tju, A˚ pS Y tjuq ă σpS, A˚ pS Y tiuqq.
Since j contributes a non-negative amount of variance, σpS, A˚ pS Y tjuqq ď σpS Y tju, A˚ pS Y tjuqq,
and likewise, σpS, A˚ pS Y tiuqq ď σpS Y tiu, A˚ pS Y tiuqq. Applying these inequalities yields σpS, A˚ pS Y
tjuqq ă σpS Y tiu, A˚ pS Y tiuqq, implying:
vpS Y tjuq ´ vpS, A˚ pS Y tjuqq ă vpS Y ti, ju, A˚ pS Y tiuqq ´ vpS Y tiuq

(4.6)

Then, applying the inequalities vpS, A˚ pS Y tjuqq ď vpSq and vpS Y ti, ju, A˚ pS Y tiuqq ď vpS Y ti, juq,
and rearranging terms:
vpS Y tiuq ´ vpSq ă vpS Y ti, juq ´ vpS Y tjuq

(4.7)

which is a stronger version of the lemma.
Case 4.2. vpS Y tiuq ´ vpS, A˚ pS Y tiuqq ď vpS Y ti, ju, A˚ pS Y tjuqq ´ vpS Y tjuq
Applying the inequality vpS, A˚ pS Y tiuqq ď vpSq on the left side yields:
vpS Y tiuq ´ vpSq ď vpS Y ti, ju, A˚ pS Y tjuqq ´ vpS Y tjuq

(4.8)

Applying on the right side vpS Y ti, ju, A˚ pS Y tjuqq ď vpS Y ti, juq yields the lemma:
vpS Y tiuq ´ vpSq ď vpS Y ti, juq ´ vpS Y tjuq

(4.9)

From Lemma 4.1, we immediately obtain:
Theorem 4.1. The ex-ante MPOU game is convex.
Proof. If S “ T , then vpS Y tiuq ´ vpSq “ vpT Y tiuq ´ vpT q since the welfare-maximizing configurations
of S and T are the same. If S Ă T , we repeatedly apply Lemma 4.1 to “grow” S one agent a time,
creating a series of inequalities, until we relate S and T .

71

Chapter 4. Multiple-Profile Prediction-of-Use Games

Since the ex-ante MPOU game is convex, the Shapley value is in the core, hence we can compute
a core allocation by averaging the payments from any number of join orders. In our experiments, we
approximate the Shapley value by sampling [Castro et al., 2009].
It is important that agents are incentivized to participate in the mechanism. We show that MPOU
games are individually-rational —no agent receives less utility than his best outside option, i.e., what he
would receive if he chose not to participate in the mechanism. To achieve this, we augment any instance
of the game by adding a dummy profile to each agent with value equal to that of their (best) outside
option.
piq

piq

Theorem 4.2. Let G be an MPOU game where each agent has a profile πout with V pπout q “ θi ,
piq

piq

σpπout q “ µpπout q “ 0, where θi is the value of i’s outside option. Then, G is ex-ante individually
rational if core payments are used.
Proof. Core payments exist because G is an MPOU game, hence convex. Suppose, by way of contradiction, agent i receives an expected payment less than θi . The stability condition of core payments
requires that tpiq ě vptiuq. However, this contradicts the fact that vptiuq ě θi .

4.5

Incentives in MPOU Games

MPOU games introduce a new coordination problem for coalitions that do not arise in POU games. In
a fully-cooperative MPOU game, a coalition C agrees on a joint consumption profile prior to reporting
its (aggregate) predicted demand. Despite this agreement, an agent i P C may have incentive to actually
use a profile that differs from the one agreed to.
For example, consider an instance with a single agent, agent 0, who has two profiles: π0,0 “
xµ0,0 , σ0,0 y “ x0, 1y with V0 pπ0,0 q “ 0 and π0,1 “ xµ0,1 σ0,1 y “ x0, 10y with V0 pπ0,1 q “ 1. The prediction of use tariff has p “ 1 and Lpp, p̄q “ 2. If agent 0 uses profile π0,0 , social welfare is 0 ´ 2 “ ´2. If
he uses π0,1 , social welfare is 0 ´ 20 “ ´20. Thus, assigning agent 0 profile π0,0 maximizes social welfare.
However, agent 0 would increase his net utility by V0 pπ0,1 q ´ V0 pπ0,0 q “ 1 by defecting to profile π0,1 .
Typically, a penalty should be imposed for such a deviation to ensure that C’s welfare in maximized.
Unfortunately, i’s profile cannot be directly observed. Only his realized consumption xi is observable,
and it is related only stochastically to his underlying behavior (adopted profile). As such, any transfer or
penalty in the coalitional allocation must depend on xi , showing that an ex-ante analysis is insufficient
for MPOU games (in stark contrast to POU games). Furthermore, since xi is stochastic, it could have
arisen from i using either profile (i.e., we have no direct signal of the i’s chosen profile), which makes
the design of such transfers even more difficult. Finally, the poor choice of a transfer function may
compromise the convexity of the ex-ante game, undermining our ability to compute core payments.
To address these challenges, we introduce a separating function Di pxi q. For each agent i, Di maps
i’s realized consumption to an additional ex-post separating payment.
Definition 4.1. Di is a separating function (SF) for i under assignment A if it satisfies the incentive
and zero-expectation conditions.
• Incentive: Exi „Apiq rDi pxi qs ą Exi „π rDi pxi qs`Vi pπq´Vi pApiqq for any π P Πi such that π ‰ Apiq.
• Zero-expectation: Exi „Apiq rDi pxi qs “ 0.
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Intuitively, the incentive condition ensures that the agent is incentivized to use the assigned profile,
and the zero-expectation condition requires that the payments introduced by the incentive condition do
not affect the agent’s expected payment if he uses the assigned profile. Since agents are assumed to be
risk neutral, each agent’s payoffs are unaffected by addition of a SF as long as the agent uses the profile
assigned by the coalition. Thus, payments remain in the core after the addition of an SF.5
The rest of this section describes how to find SFs. We begin by showing that a weaker form of
separating function can trivially be transformed into a SF.
Definition 4.2. Di is a weak separating function (WSF) for i under assignment A if Exi „Apiq rDi pxi qs ą
Exi „π rDi pxi qs for any π P Πi such that π ‰ Apiq.
Observation 4.1. Let Di be a WSF for i under assignment A. Then, Di1 “ w0 Di ` w1 is an SF, where
w0 “

Vi pπq ´ Vi pApiqq
πPΠi ,π‰Apiq Exi „Apiq rDi pxi qs ´ Exi „π rDi pxi qs
max

(4.10)

and w1 “ ´Exi „Apiq rw0 Di pxi qs.
Thus, it is sufficient to find a WSF. It is worth noting that not all SFs are WSFs. In particular, SFs
can fail to satisfy the WSF condition for profiles π that have lower value than the assigned profile, i.e.,
Vi pπq ´ Vi pApiqq ă 0. These are profiles that the agent would have no incentive to defect to.
When an agent has only two profiles, this is straightforward: we let Di be the PDF of the assigned
profile minus the PDF of the unassigned profile. The proof for this statement is algebraic, using the fact
that N px; µ0 , σ0 qN px; µ1 , σ1 q has a closed form that is proportional to a normal PDF in x.
Theorem 4.3. Let i be an agent with two profiles π0 and π1 and let Apiq “ π0 . Then, w.l.o.g.,
Di pxi q “ N pxi ; µ0 , σ0 q ´ N pxi ; µ1 , σ1 q is a WSF for i under A.
Proof. We show that the minimum of Ex„N pµ0 ,σ0 q rN px; µ0 , σ0 q´N px; µ1 , σ1 qs´Ex„N pµ1 ,σ1 q rN px; µ0 , σ0 q´
N px; µ1 , σ1 qs occurs when µ1 “ µ0 and σ1 “ σ0 , and that the value of the expression at that point is
positive.
We make use of the fact that N px; µ1 , σ1 qN px; µ2 , σ2 q is a function proportional to the PDF of a
normal distribution. Specifically,
N px; µ0 , σ0 qN px; µ1 , σ1 q “
˙ ˆ
˙
ˆ
b
σ0´2 µ0 ` σ1´2 µ1 σ02 σ12
2
2
, 2
N µ0 ; µ1 , σ0 ` σ1 N x;
σ0 ` σ12
σ0´2 ` σ1´2

(4.11)

Then, by expanding terms and applying (4.11):
Ex„N pµ0 ,σ0 q rN px; µ0 , σ0 q ´ N px; µ1 , σ1 qs´
Ex„N pµ1 ,σ1 q rN px; µ0 , σ0 q ´ N px; µ1 , σ1 qs
ˆ
˙
b
1
1
2
2
? ´ 2N µ1 ; µ0 , σ0 ` σ1 `
?
“
2σ0 π
2σ1 π
5 Our

(4.12)

use of zero-expectation payments for risk-neutral agents is mechanically similar to Cremer and McClean’s [1988]
revenue-optimal auction for bidders with correlated valuations.
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We then minimize with respect to µ1 and σ1 . Since the middle term is the only one that contains µ1 ,
we can minimize it separately:
ˆ
˙
pµ0 ´ µ1 q2
2
exp
´
´a
2pσ02 ` σ12 q
2πpσ02 ` σ12 q

(4.13)

Since the exponent (i.e., the argument of the exp function) is always non-positive, it is maximized when
it is zero, i.e., µ1 “ µ0 . Making this substitution yields:
1
1
2
? ´a
?
`
2
2
2σ0 π
2πpσ0 ` σ1 q 2σ1 π

(4.14)

Setting the derivative with respect to σ12 to zero yields two real roots of σ0 “ ˘σ1 . The second derivative
at these points is positive. Thus, it is a minimum. The value of the original expression at this point is
0 and positive otherwise.
With more than two profiles, this approach does not always work. Instead, we can use a linear
program (LP) to find the coefficients of a linear combination of the profile PDFs. Formally, denote the
PDFs of the profiles as N i pxi q “ xN pxi ; µ0 , σ0 q, . . . , N pxi ; µ|Πi |´1 , σ|Πi |´1 qy, their weights as yi , and
search over yi P R|Πi | for a separating function of the form Di pxi , yi q “ yi ¨ N i pxi q. We use an LP that
minimizes the L1 -norm of yi subject to Exi „Apiq rDi pxi , yi qs ą Exi „π rDi pxi , yi qs for all π P Πi , π ‰ Apiq.
Ideally, we would also like to minimize the variance of the separating payment, giving agents maximal
certainty w.r.t. this payment; however, this objective is not tractable in an LP (we leave this question to
future work). In our experiments below, we do, however, assess the variance of the separating payment.
A feasible yi corresponds to a linear combination of vectors whose sum has only positive entries. We
call these the difference vectors of Di . While we cannot prove that a feasible yi always exists, viewing
the problem in terms of difference vectors suggests why they exist in practice:
Definition 4.3. Let Apiq be π0 (w.l.o.g.).

For each profile πk P Πi the difference vector dk “

Ex„πk rN px; π0 , σ0 s ´ xEx„πk rN px; µ1 , σ1 qs, . . . , Ex„πk rN px; µ|Πi |´1 , σ|Πi |´1 qsy.
Note that these vectors do not depend on yi . We can restate the LP constraints using difference
vectors:
Theorem 4.4. Let i have profiles Πi and let A assign a profile to i. There exists yi P R|Πi | that makes
Di pxi , yi q a WSF if and only if there is a linear combination of the difference vectors of Di pxi , yi q that
has only positive entries.
Proof. First, we prove the forward direction. Let c be the coefficients of the linear combination of the
ř
difference vectors that has only positive entries, i.e., kP|Πi | ck dk “ b where b is element-wise positive.
Then, Exi „Apiq rDi pxi , cqs ´ Exi „π rDi pxi , cqs “ cdk “ bk´1 . Since b is element-wise positive, letting
yi “ c makes Di pxi , yi q a separating function.
The reverse direction is also straightforward. Suppose Di pxi , yi q is a separating function. Then, let
bk´1 “ Exi „Apiq rDi pxi , cqs ´ Exi „π rDi pxi , cqs “ yi ¨ dk . Thus, taking yi as the coefficients of the linear
combination of difference vectors equals b, which has only positive entries.
Corollary 4.1. Let dk be the difference vectors for agent i. If the difference vectors are linearly independent, a setting of yi exists that makes Di pxi , yi q a WSF.
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Proof. If the difference vectors are linearly independent, there exists a coefficient vector c that makes
ř
kP|Πi | ck dk elementwise positive. We can take yi “ c to satisfy the corollary.
We generally expect a random set of vectors to be linearly independent as the set of matrices drawn
from the reals with non-independent rows has Lebesgue measure zero. We have yet to encounter an
instance where a separating function does not exist in our experiments. It is an open question as to
whether a separating function of this form always exists.

4.6

Manipulation in MPOU Games

While we defer a thorough investigation of manipulation of MPOU games to future work, we briefly
discuss a simple form of manipulation: adding profiles to, or removing profiles from, an agent’s report.
Formally, we say that an agent can manipulate an MPOU game if they gain expected utility by misreporting their true set of profiles. Here, we simplify the discussion by assuming that agents have a true
underlying set of profiles, and we rely on the results of the previous section by assuming that each agent
can be incentivized to use their assigned profile without changing their expected payoff.
Agents are not incentivized to strategically withhold information if they otherwise report truthfully.
However, reporting additional untruthful profiles will benefit the agent, as long as those profiles are not
assigned by the mechanism.
Theorem 4.5. Let G be an MPOU game, let G1 be identical to G except agent i reports an additional
piq

piq

profile πextra . Let all of i’s reported profiles be truthful except πextra and let at least one of these conditions
piq

piq

hold: (i) πextra is truthful or (ii) πextra is not the assigned profile. Then, agent i’s payoff in G1 is greater
than or equal to its payoff in G if payments are used that average marginal contributions over the same
join orders.
Proof. First, we establish that i’s Shapley value is greater with the additional profile. Each time agent
i is added to a coalition S in a join order, agent i’s marginal contribution to vpS Y tiuq with the extra
profile is greater than or equal to its contribution with its original profiles. Thus, tG1 piq ě tG piq.
This condition is not sufficient to ensure that i increases his payoff, which is equal to his coalitional
payment minus the reported value of the assigned profile plus the true value of the assigned profile. In
condition (i), the Shapley value equals the payoff value and in condition (ii), the assigned profile is the
same in G and G1 . Thus, i’s payoff is greater or equal in G1 in either case.
Note that the theorem applies both to the Shapley value, which can be expressed as an average over
marginal contributions over join orders, and to sampling-based approximations, such as the ones used
in our experiments.
We outline two ways of heuristically combating manipulation by reporting additional profiles. The
first is to simply limit the number of reported profiles, either by creating a cap or by charging agents
per profile they report, limiting the amount agents can gain by manipulating. This approach leads to a
non-truthful equilibrium, and it penalizes agents who have more complicated utility functions.
The second approach emerges from an approximation to the Shapley value that happens to remove
the incentive to add additional profiles that are not selected. Recall that i’s Shapley value in coalition
C can be interpreted as the average marginal value that i contributes over all orders that agents join C.
Computing this requires recalculating the optimal assignment of profiles before and after i joins since
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the addition of i may cause a change in the optimal assignment for the other agents. Because this is
computationally expensive, we approximate it by fixing agents to the profile they are assigned in the
grand coalition. Formally, we let i’s Shapley value with fixed profiles be
ÿ

sC pi, N q “

SĎCztiu

|S|!p|C| ´ |S| ´ 1q!
pvpS Y tiu, A˚ pN qq ´ vpS, A˚ pN qqq
|N |!

(4.15)

Recall that vpS, A˚ pN qq is the value of coalition S under the assignment that maximizes the value of
coalition N . We find the approximation is quite close to the true Shapley value in our setting. The
approximation sacrifices exact convexity because it does not discriminate between agents based on how
attractive their unassigned profiles are, which has the additional consequence that, as long as agents
report their true profiles, they have no incentive to add additional false ones.
Theorem 4.6. Let G be an MPOU game, let G1 be identical to G except agent i reports an additional
piq

piq

profile πextra . Let all of i’s reported profiles be truthful except πextra . Then, agent i’s payoff in G1 is less
than or equal to its payoff in G, if payments are used that average marginal contributions over the same
join orders and fix i’s profile to its assigned profile.
piq

Proof. Since we assume that i reports all of its profiles truthfully, the true value of πextra is 0. Then,
piq

either the mechanism selects πextra or it does not. If it does, i’s payoff will be negative since it receives 0
piq

value from πextra , and thus, its payoff decreased because the mechanism is individually rational according
piq

to Theorem 4.2. If it does not, i’s payoff is unchanged because πextra does not affect its payoff.

4.7

Learning Utility Models

To empirically test the MPOU framework and our separating functions, we require consumer utility
functions. As we know of no data set with such utility functions, we learn household (agent) utility
models from real electricity usage data from Pecan Street Inc. [Rhodes et al., 2014].6 We define our
prediction period as 4–7 pm each day, when electricity usage typically peaks in Austin, Texas, where the
pµq

data was collected. We decompose utility into two parts: Vi

pw, µq describes the value an agent i derives
pσq

from his mean consumption given a vector w of weather conditions; and Vi

pσ, µq represents utility
pµq

derived from variance in consumption behavior. Agent i’s utility is Vi pw, µ, σq “ Vi
pµq
Vi

Estimating

pσq

pw, µqVi

pσ, µq.

is difficult, since we lack data for some aspects of the problem. Thus, we make
pµq

some simplifying assumptions: (i) consuming 0 kWh yields value $0; and (ii) Vi

pw, µq is concave and

increasing. We learn a model for each of 25 households that have complete data (i.e., hourly consumption)
from 2013–2015 (about 1100 data points per household), using select weather conditions w and mean
consumption between 4–7 pm as input, and outputting value (in dollars). We use this valuation function
to predict consumption by maximizing an agent’s net utility under the observed price:
pµq

Vi
p0q

constraining zi

p1q

ą 0, zi

´
¯zip2q pwq
p0q
p1q
p3q
pw, µq “ zi pwq µ ´ zi pwq
` zi pwq
p2q

ą 0, 0 ă zi

(4.16)

p3q

ă 1, zi pwq ě 0 (Figure 4.2 depicts the utility model).
p3q
We use a homogeneous function to represent utility [Simon and Blume, 1994]. The term zi pwq has

no influence on predictions: it can be viewed as inherent value due to weather, and accounts for the
6 Publicly

available at pecanstreet.org.
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Figure 4.2: The learned valuation model. N N p10q
denotes a neural network with 10 hidden units.

flexibility provided by the zi

Translated

Figure 4.3: Translating the valuation function to
pass through the origin

term, which may create valuations where consumption 0 yields negative
p3q

value (violating our assumptions). To prevent this, we set zi pwq to ensure the tangent at the predicted
consumption for $0.64 (the largest price in the data set) passes through (0,0) (see Figure 4.3). When
p3q

this tangent crosses the y-axis above 0, we set zi pwq “ 0 and splice in an exponential axb that passes
through (0,0) and matches the derivative at the splice point.
For training, we use the model to predict consumption by solving the net utility maximization
problem, maxµ pVi pw, µq ´ µpq, yielding:
µ̂pw, pq “

p0q

p1q

We represent zi , zi

p2q

and zi

p
p0q
p2q
zi pwqzi pwq

1
p2q
z
pwq´1
i

p1q

` zi pwq

(4.17)

in fully-connected single-layer neural networks, each with 10 hidden

units and ReLU activations, and train the model with backpropagation. We implement the model in
TensorFlow [Abadi et al., 2015] using the squared error loss function and the Adam optimizer [Kingma
and Ba, 2015]. We use Dropout [Srivastava et al., 2014] with a probability of 0.7 on each hidden unit.
We split the data into 80% train and 20% test for each household. Table 4.1 compares the prediction
accuracy of our model (“valuation”) to (i) an unstructured neural network, and (ii) the best constant
prediction for each household. The unstructured net learns a mapping from xw, py to µ directly using
10 hidden units, without an intervening utility model.7 The best constant prediction disregards weather
and price data, and simply predicts average consumption for that household. Table 4.1 shows that the
valuation model overfits somewhat, but that predictive accuracy is on par with the unstructured model.
Moreover, the valuation model has lower variance in test RMSE. This shows that our constraints on the
form of the valuation function are not unduly restrictive and validates the value predictions produced
by these learned models. However, we believe these value functions significantly underestimate value
because we lack consumption observations when the price is higher is than $0.64.
Figure 4.4 shows the learned valuation for the 25 households. Each line represents a household’s
response to different weather conditions. While temperature is the most significant predictor of power
usage, different households appear to exhibit sensitivity to different factors.

7 Our

other implementation choices are the same as the valuation model, except we use Dropout of 0.5.
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Table 4.1: Comparison of model prediction accuracy by root-mean-square error (RMSE). We divide
each household’s consumption amounts by their largest observed consumption.

Model

Mean
train
RMSE

Std. dev.
train
RMSE

Mean
test
RMSE

Std. dev.
test
RMSE

Valuation
Unstructured
Constant

0.137
0.142
0.204

0.0168
0.0226
0.0345

0.148
0.144
0.205

0.0194
0.0284
0.0411

Figure 4.4: Learned value models for the 25 households with consumption mean (kWh) on the x-axis
and value ($) on the y-axis. The red line represents the median weather conditions. The dotted line
represents the median day with 90th percentile or higher temperature. The dashed and green lines are
the same for sunshine and humidity, respectively.
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Modeling Unpredictable Consumption
Unfortunately, we do not have access to electricity usage data where consumers are charged differently
depending on the accuracy of their predictions. Our model of the value of unpredictable consumption
is thus speculative, but uses the Pecan Street data as a starting point. We assume that each household
chooses the standard deviation that maximizes its utility (since they are not being charged for σ), and
that it has an optimal fraction βi of σ{µ that does not depend on other conditions. We estimate βi from
the data by treating each data point as having an observed σ equal to the absolute error in consumption
prediction made by the learned valuation model. We assume no value is gained by increasing σ above
the optimal ratio, and use an exponential to represent the loss in value when σ is reduced,
ˆ
pσq

Vi

pσ, µq “ max

˙ γi
µ{σ
,
,1
βi

(4.18)

where γi is a constant representing i’s cost for being predictable. A higher γi means that consumer i
values variance more highly. In our experiments, we sample γi from the uniform distribution over the
interval r0.1, 2s.

4.8

Experiments

We experimentally evaluate our mechanism for MPOU games. The questions we study experimentally
are:
1. How important is consumer coordination under POU tariffs?
2. What is the social welfare gain from using an MPOU model vs. a flat tariff?
3. How important is an agent’s choice of reported profiles?
4. What are the variances of the payments introduced by the separating functions?

4.8.1

Experimental Setup

We first describe the experimental setup: how we select agents, profiles and tariffs. For each trial,
we select weather conditions w uniformly at random from the Pecan Street data. To generate agents
representing households, we sample from our 25 learned household utility models, using w as input
and adding a small amount of zero mean noise to the model parameters. We sample γi from the
uniform distribution r0.1, 2s for each agent i. Each data point is an average of 100 trials with 5000
sampled (household) agents, unless otherwise noted. One of the goals of our experiments is to study the
consequences of different choices of reported profile. To do this, we vary the way profiles are generated.
Each agent has four profiles: a base profile (predicted to be optimal under a flat rate tariff with rate
equal to the fixed-rate p of the POU tariff), and three others reflecting reduced consumption mean or
variance. The first reduces the base profile mean by the amount required to reduce value by u%, which
we call the profile spacing. The second reduces variance to reduce value by u%. The third reduces both.
For example, if the base profile has mean µ and standard deviation σ, the reported profiles would be:
1. The base profile π0 .
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2. Profile π1 with standard deviation σ and mean µ1 such that Vi ppµ1 , σqq “ p1 ´

u
100 qVi ppµ, σqq.

3. Profile π2 with mean µ and standard deviation σ2 such that Vi ppµ, σ2 qq “ p1 ´

u
100 qVi ppµ, σqq.

4. Profile π3 has mean µ1 and σ2 .
We vary u throughout the experiments.
To generate tariffs, we vary the amount of emphasis each tariff puts on accurate predictions vs. the
amount consumed. We let the predictivity emphasis (PE) of a tariff w.r.t. a group of agents be the
fraction of the expected total cost paid for prediction penalties when each uses his base profile. In
practice, PE should be set to match the properties of the reserve power generation capacity that is
available: a higher PE corresponds to more expensive reserves. A tariff is revenue-equivalent to another
with respect to a specific set of profiles if the revenue of the two is the same for that set. All of our tariffs
will be revenue-equivalent with respect to the set of base profiles. To find a revenue-equivalent tariff
with a certain PE, we use a numerical solver to find a tariff of the form xp, r, ry with the appropriate
total cost. Intuitively, a higher PE should result in larger benefits from POU tariffs, and we find that
to be the case in our experiments.
To generate Shapley values, we sample a number of join orders equal to the logarithm of the number
of agents in the instance. Shapley values were very close to linear in the standard deviation of the
assigned profile. The average Shapley payment for prediction was $0.41 per kWh of uncertainty across
trials with PE 10%, and $0.82 per kWh with PE 20%.8 Within a single trial, the standard deviation
of this ratio was less than 0.01 on average, suggesting that it is not necessary to optimize the choice of
profiles every time an agent is added in a join order—it is sufficient to fix each agent’s profile to the one
it is assigned. We exploit this fact to run larger experiments.

4.8.2

Results

We first address the question of how important it is for agents to coordinate their consumption under a
POU tariff. We define the uncoordinated POU setting as the scenario where agents are subject to a POU
tariff, but do not coordinate their consumption behavior, i.e., each agent uses the profile that individually
maximizes its net utility relative to that POU tariff. Then, as is standard in that setting, the grand
coalition forms and makes the optimal baseline prediction. Figure 4.5 shows the social welfare derived
by agents in the uncoordinated POU setting as a percentage of their social welfare under a revenueequivalent fixed-rate tariff. We see that the average social welfare achieved in the uncoordinated POU
setting is less than that of the fixed rate setting for all profile spacings. Individual agents react to
the POU tariff by increasing their predictivity, and thus decreasing their realized value, but they do
not account for the predictivity discount that results from being part of a coalition. As profile spacing
increases, more agents shift away from their base profile and social welfare decreases, dropping to 70%
of the fixed-tariff social welfare when spacing is 25%. These results underscore the need for some way
for agents to coordinate their profile choices under POU tariffs and highlight one of the main challenges
of successfully implementing POU tariffs in practice.
Next, we study the social welfare gains that can be achieved by a POU tariff when agents coordinate
optimally under the MPOU framework. Figure 4.6 shows the effect of profile spacing (u) on the welfare
gained by switching from a fixed-rate tariff to a revenue-equivalent POU tariff.9 Overall welfare gains
8 This
9 Each

and other tariffs in this section have 0.2 ď p “ p̄ ď 1.5.
instance took around 3 minutes on a single thread of 2.6 GHz Intel i7, 8 GB RAM.
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Figure 4.5: Profile spacing vs. % of social welfare
of fixed-rate tariff for uncoordinated POU setting
and % of agents that change profile
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Figure 4.6: Profile spacing vs. social welfare %
gain from fixed-rate tariff and % of agents that
change profile

are moderate, around 3.13% for PE of 10% and 4.4–4.9% for PE of 20%. A higher PE results in a
larger social welfare gain because agents only benefit from cooperating when trading off predictivity for
inherent utility. Profile spacing appears to have limited impact on social welfare gain, suggesting that
most of the gain is achieved by the effective reduction in fixed-rate price under a POU tariff. We note
that these experiments are the first to study end-to-end social welfare gain from a POU tariff. They
show that MPOU games offer a large increase in social welfare over the POU games model, from 3% at
low profile spacing to 47%–50% at 25% profile spacing.
Figure 4.6 appears to indicate that personalizing profile spacing based on each agent’s value for
predictivity would increase social welfare further. We see this because increasing profile spacing increases
welfare up to a spacing of 15% for both PE levels, but the number of agents that shift profiles decreases
as spacing is increased (shown on the right-side axis). We hypothesize that welfare could be further
increased if agents with higher γ spaced their profiles farther apart than those with lower.
Next, we address the question of uncertainty introduced by separating payments. Recall that while
separating payments have expectation zero, they introduce additional uncertainty to agent payments.
We find that the amount of uncertainty introduced is, in fact, minimal, and decreases with instance size
and increased PE. Figure 4.7 shows the ratio of the standard deviation of the separating payment to
the Shapley payment for predictivity. The standard deviation of the separating payment is on average
15–20% of predictivity payment for PE of 10% and 7.5–10% for PE of 20%, and increases slightly as
profile spacing increases. Note that only agents that actually require a separating function are taken into
account, around 1–2% of all agents for PE of 10% and 5–10% for PE of 20%, on average. More agents
require separating payments as PE increases, but the uncertainty introduced by each decreases. Note
that these are uncertainties for a single instance of the game, and if the game is played repeatedly (e.g.,
every day), the aggregate uncertainty will decrease as the independent random variables are added.
Figure 4.8 shows the same uncertainty ratio for a single large instance versus the predictivity flexibility
(γ) of each agent. This instance has PE of 20%, 100,000 agents, profile spacing of 15% and takes 90 min.
to solve. The ratio is shown for the 4876 agents that require separating functions. The magnitude of the
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Figure 4.7: Comparison of the standard deviation
of the separating function payment to the ex-ante
payment for prediction accuracy. Bars show one
standard deviation. 5000 agents, 100 trials
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Figure 4.8: Comparison of the standard deviation
of the separating function payment to the ex-ante
payment for prediction accuracy

introduced uncertainty is smaller in this larger instance with an average of 2.07% (and not exceeding
3% for any agent). In addition, predictivity flexibility has little affect on the introduced uncertainty:
the linear least-squares fit (red line) has slope of less than 10´4 .
To summarize, POU games, while well intentioned, decrease social welfare compared to fixed-rate
tariffs in our experiments because they do not allow agents to coordinate their choice of profiles. MPOU
games realize the promise of POU tariffs, increasing social welfare by 3–5% over fixed rate tariffs, and
3%–50% over POU games. Separating functions are a computationally efficient way of addressing the
principal–agent problem that arises for some agents in MPOU games, 1–10% of agents in our experiments.
For these agents, separating functions solve the principal–agent problem at the cost of adding a variance
of 7.5–20% to the agent’s predictivity payment. Again, the independence of the separating functions
across time periods causes the separating function payment to approach 0 rapidly over longer periods
of time (e.g., a month, the typical time period between electricity bills). It is worth noting that while
we assume risk neutrality in our discussion of SFs, it is not necessarily the case that risk neutrality is
required if the game is played sufficiently often because of the reduction in variance that results from
repeated plays.

4.9

Conclusion and Future Work

We have introduced multiple-profile POU (MPOU) games, a framework for coordinating agent behavior
under POU tariffs. MPOU games allow agents to express their consumption utility functions, while
maintaining convexity of the basic POU model. MPOU games introduce a new class of incentive problems
due to agent actions being partially observable: we introduce separating payments to restore proper
incentives. Our experimental utility models are learned from historical electricity usage data in a novel
way. Our experiments show that the social welfare gained by introducing the MPOU model (relative to
a fixed-rate tariff) is non-trivial, and the POU model appears to cause significant social welfare losses
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due to the lack of coordination. As a result, the social welfare gains of MPOU vs. POU are significant,
strongly indicating that MPOU is vital to the practical deployment of POU tariffs. The effectiveness of
the MPOU model depends both on the predictivity emphasis (PE) of reserve generation and on the value
to consumers of consuming unpredictably, which are both areas where more real-world data is needed.
We find that the uncertainty introduced by separating payments decreases as instance size increases, and
decreases in aggregate as more iterations of the game are played. Increased PE increases the number of
agents that need separating functions, but the uncertainty introduced decreases.
Interesting future directions for MPOU games remain. Better access to household utility data,
especially for variance of consumption, and data about the PE of generation mixes would allow us to
test social welfare gain more precisely.
We would ideally like to calculate separating functions to minimize the amount of variance they
introduce to agents’ payments, but this requires solving a difficult optimization problem which we do
not address here. There is additionally an open question about separating function existence. While we
show that the set of problems where separating functions fail to exist has measure 0, it would be useful
to know if these problems can occur in practice.
Other critical aspects of the system are the ability of agents to manipulate, which we touch on only
briefly, and how to elicit household utility functions. As in Chapter 3, this can be approached in an
ad hoc manner, extending the analysis of Section 4.6 or through using the VCG mechanism. Note that
separating functions are agnostic to the choice of mechanism, and the principal–agent problem they
solve would occur in any model of this problem. We will return to the question of manipulability in the
discussion of demand response models below.
A clear limitation of the MPOU games framework is the inability to handle correlations in demand
across agents, e.g., due to weather. A related issue is that agents make individual predictions of global
conditions, e.g., the weather, in this model, which is not useful information to the principal, who can
presumably make better predictions of global conditions. The information that the principal is most
interested in is how the agents would react to different global contexts. Developing the framework along
these lines could yield a useful refinement. One approach to this would be to have each agent issue
sets of demand profiles conditional on the realization of the global conditions. Then, social welfare
maximization is performed for each realization of the global conditions, and agents are paid according
to which conditions occur. One issue that would have to be addressed is that it is likely impossible to
make the demand profiles completely conditionally independent. This raises the question of how badly
the model performs under a low degree of correlation compared to full independence and if any tweaks
can be made that improve performance in that setting.
While our discussion of POU and MPOU games has focused on electricity markets, we believe the
approach may be more widely applicable in other cases where agents are contending with a scarce
resource, e.g., internal allocation of computing resources across groups in a company or university.
Separating functions are worthy of future study. They provide a generic computational approach to
the principal–agent problem with theoretical guarantees. Note that the separating function approach
does not depend on the random variables having normal distributions or even distributions with any
compact representation. The only requirement for the separating function approach is the ability to
calculate the “overlap” between distributions, i.e., the expectation of the PDF of variable A taken with
respect to the distribution of variable B. We can efficiently compute this by sampling as long as we can
compute the PDF value at a point for at least one of the two random variables.
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MPOU games are related to work in demand response, which has been the subject of several recent
papers in AI [Ma et al., 2016; Meir et al., 2017; Ma et al., 2017]. Demand response is a system where
suppliers can call on consumers to reduce their consumption for a price. The idea is that demand
response can act as a generation source. To do this, consumers bid on how much they are willing to
reduce their consumption for what price.
The demand response problem is closely related to the incentive misalignment problem studied in
this chapter. The problems address quite similar issues, but from different perspectives, and unifying the
two models may be an interesting avenue of future work. To make the discussion concrete, it is worth
describing the demand response model in these papers. They study a two-period interaction. In the first
period, the agents report their types to the mechanism, the mechanism posts demand response prices
and the agent chooses whether to prepare for demand response. In the second period, the agents choose
whether to respond or not and the mechanism pays the agents based on the posted price function. The
goal of the mechanism is reduce demand by a target M with probability at least τ . Specifically, in the
first period:
1. The agents report their types to the mechanism. The types consist of a function describing how
the agent can prepare to undertake demand response and a function that states the utility they
will lose (as opportunity cost) if they reduce their consumption in the second period. The latter
is stochastic and the agents will observe their realization of it in the second period.
2. The mechanism posts a payment function, i.e., for each agent, the reward or penalty to be received
for reducing consumption by each amount.
3. The agents observe the payment functions and choose how to prepare for demand response.
In the second period:
1. Each agent observes their realized utility function and decides whether to undertake demand
response or not, based on the incentives posted by the mechanism.
2. The mechanism pays the agent based on the posted prices.
The analysis in these papers is theoretical and studies restricted versions of the problem with different
conditions on the form of how agents invest effort into responding and restrictions on the utility functions.
The general idea of the theory is to show that truthful reporting is a dominant strategy, which is done
through a mechanism similar to VCG with the Clarke pivot rule.
There are a few key differences between the demand response model and MPOU games, beyond
the obvious (and important) one that demand response models the phase of the interaction where the
agents report their types to the mechanism. The first and most critical difference is the objective of the
optimization. Rather than maximize social welfare directly, demand response focuses on a reduction and
reliability objective: reduce demand by a target M with probability at least τ . The perspective is that
the central system knows how much demand response it needs to balance the market. This perspective
is completely insensitive to cost to the central system. It is impossible to tell what the cost of the
reduction will be before the mechanism is executed, and it could be that reducing the reduction target
or reliability by a small amount would yield a large cost savings.
This difference in objectives greatly affects the mechanism’s operation. The goal can be reformulated
as selecting the set of agents who can reliably reduce their demand the most cheaply. In contrast, MPOU
games’ social welfare objective causes the model to interact with each agent.
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The second major difference between the two models is the treatment of stability. MPOU games use
a group concept of stability rooted in cooperative games whereas the demand response model considers
only the incentive of individual agents to misreport. It is nevertheless clear that individuals have an
incentive to form groups to bid in the demand response model. By doing so, members of group would
reduce their uncertainty in the realization of their utility functions between the first and second period
of the mechanism.10
It is possible that MPOU games could be applied directly to the demand response problem. This
would require, at the least, extending them to allow for non-independent prediction errors and to address
the question of truthful reporting. MPOU games are in some respects more principled than the demand
response market approach, particularly because they allow an explicit tradeoff between the cost of
reducing variance and the value achieved. The fact that MPOU games consider the possibility that
agents would combine and enter the market as a single large agent is also an advantage.

10 Note

that although the MPOU has uncertain consumption and the demand response model has uncertain utility
functions, the difference is primarily superficial.

Chapter 5

Experiential Preference Elicitation
for Autonomous HVAC Systems
In this chapter, we study the problem of preference elicitation in a sequential decision-making problem,
where the cost and accuracy of queries is dependent on the current state. We call this problem experiential
elicitation. We are motivated by the problem of preference elicitation in an HVAC setting. We begin by
presenting a general model of experiential elicitation that uses Markov decision processes to model the
sequential decision-making problem, but is agnostic to the query type and noise and cost model. We
then specialize that model to the HVAC problem, developing a new query type, the relative value query,
which asks the user to compare the value of two states. We show that a preference prediction model
based on Gaussian processes, generally well-suited to preference elicitation problems, can be extended
to integrate the responses to relative value queries in closed form. We conclude by comparing our model
to several natural baselines and show that it accrues more reward. Some parts of work in this chapter
originate in Perrault and Boutilier [2018].

5.1

Introduction

In the previous two chapters, we presented techniques that improve the efficiency of electricity markets
but which require extensive attention from the user: he has to report his preferences periodically to
the market in the form of demand profiles. In this chapter, we focus on the problem of developing
autonomous agents that represent users in these systems, reducing their attentional costs.
AI systems have two distinct components: the underlying mathematical model and the specific data
that the mathematical model receives as input. The rigidity of the separation varies from problem to
problem as does the way the data is acquired. In a single-agent interaction, an expert designer may
control both the specification of the model and the input of data, blurring the line between the two
components. Problems with features such as data that is expensive to acquire or communicate or when
there is a non-expert user (who treats the model as a black box) make the separation more distinct. In
these cases, the designer may explicitly model the problem of data acquisition, which may be as hard or
harder than the problem solved by the AI system.
The data acquisition problem is particularly important in multi-agent systems where it is distributed,
with each agent providing data about themselves or users on whose behalf they act. The agents may
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have competing interests, e.g., in an auction, where each agent has an incentive to misreport in order to
receive an item that they wouldn’t have otherwise or to pay a lower price. These incentives have to be
taken into account when acquiring data from the agents. Incentives to misreport can be just as strong
in a cooperative setting. Consider an elicitation procedure where the underlying interaction between
agents is a convex cooperative game. The agents have a strong incentive to coordinate their behavior
because doing so increases their aggregate utility and it is easy to find a mutually acceptable division
of the benefits of cooperation. Nevertheless, an individual may receive a larger share of the benefits of
cooperation by misreporting their preferences.
In this chapter, we distinguish between the agents and the users they represent. As previously
discussed regarding the electricity market design problems of Chapters 3 and 4, it does not make sense
for individuals to interact in real time with the principal—too much communication is required for
insufficient benefit. Instead, we envision an agent that reports profiles to the principal in each time
period, using knowledge of their user’s preferences, and takes the necessary coordinating actions on
behalf of the user, e.g., controlling heating and cooling systems and dispatching appliances.
To represent the user, the agent has to obtain the user’s preferences. This can be done in a variety of
ways, which we divide into two broad categories. The first is using revealed preference data, in which the
user’s past decisions in the target (or a related) setting provide a (partial) view of their utility preferences
[Samuelson, 1948; Beigman and Vohra, 2006; Ng and Russell, 2000]. The second is through preference
elicitation (PE), i.e., directly asking the user about their preferences for possible decisions or outcomes,
using queries of various types [Chajewska et al., 2000; Boutilier, 2002; Braziunas and Boutilier, 2010].
Either approach (or some combination) may be better suited to particular settings.
The revealed preference approach has the advantage of being completely passive. The only costs
involved are those required to gather the requisite data, i.e., in the electricity case, sensors and a place
to store the sensor data. If we have enough data about the user’s past decisions, we can learn their
preferences using a regression model. This is the approach of Chapter 4, where we model the decisions
of users based on the Pecan Street electricity use data.
The key weakness of the revealed preference approach is that it requires that the relevant data exist
in sufficient quantity. This may pose a chicken-and-egg problem. In order to gather data on how users
interact with the mechanism, the mechanism must be implemented. However, because of the level of
attention required to interact with the mechanism, the data gathered from observing users interact with
it, without an intervening agent, would be of low quality.
One might object that, given enough low quality data, we can learn an accurate representation of
the user’s preferences, but there is a deeper problem: introducing a user-representing agent changes the
user’s preferences. Consider for example a case where electricity prices suddenly drop in the middle of
the day, while the user is busy in a meeting at work. Without a user-representing agent, the user may
be unable to take advantage of the decrease in prices. That does not mean that he would not choose to
have an autonomous agent do so on his behalf.
It is worth mentioning that even in the case where relevant data exists, the user’s desire for privacy
may deter him from providing the data to the system.
The PE approach avoids this problem by querying the user about how he would act in hypothetical
situations. PE has its own limitations. We will study two of the most important. First, by asking a user
to introspect and analyze his preferences for specific outcomes—usually at some remove from the scenario
where the data will be used—the cognitive costs of PE can be high. Second, PE often requires users
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to imagine and compare outcomes without experiencing them directly, leading to inaccurate responses
(even in cases where the user is incentivized to be truthful). For instance, an apartment selection
assistant may ask queries such as “would you prefer apartment w at price x or apartment y at price z?”
[Braziunas and Boutilier, 2010]. This is quite a cognitively demanding question, but the answer may
not be especially predictive because people make real estate decisions based as much on intuition as on
reasoning. According to the BMO Psychology of House Hunting Report,1 prospective buyers visited an
average of 10 homes over 5 months and 80% of prospective buyers knew whether a home was right for
them as soon as they stepped inside.
People’s reliance on “experiential” information to make decisions can be explained by dual process
theory [Kahneman, 2011]. Dual process theory hypothesizes that people have two distinct reasoning
systems: System 1 and System 2. System 1, or intuition, is a primarily subconscious reasoning system
that we use to make decisions on issues with which we have extensive experience. In the example of real
estate selection, we can quickly evaluate how comfortable a living space is if we can visit it in person.
However, performing the same evaluation given only a description of the space is a difficult and unfamiliar
task. Because we are unable to apply System 1, we appeal to System 2, the logical reasoning system.
In this case, System 2 is perhaps attempting to predict System 1’s reaction by deduction or analogy,
imagining other spaces we have experienced. The result is significantly less accurate than System 1’s
output.
The PE literature underemphasizes the role of experiential information in the quality and cost of
responding to queries. In particular, experiential information is important in decisions where we have
significant experience, as in the real estate example above, and when we have limited cognitive effort to
devote to the task. These conditions correspond with Kahneman’s characterization of when System 1
engages [Kahneman, 2011].
Electricity use satisfies these conditions. We interact with electricity without much conscious attention and on a daily basis, and its cost does not represent a large budget item for most people.
In this chapter, we develop a theory of experiential elicitation (EE) using home temperature control
as a concrete example. The name “experiential elicitation” originates in Hui and Boutilier [2008], who use
a qualitative version of EE in an application customization setting. In traditional PE that does not take
experiential information into account, it is possible to separate the elicitation and control phases of the
interaction. In the elicitation phase, the system queries the user until it is satisfied that it understands
the user’s preference well enough to make the necessary decisions. In the control phase, the system
takes actions on behalf of the user and does not pose additional queries. In EE, it is often impossible to
separate the two phases cleanly. It may be worthwhile for the system to take control actions that put
the user in a useful experiential state. In the real estate example, an EE would dispatch the user to visit
various listings, but would take the cost of such visits into account.
Experiential information does not have a role in all instances of PE. Consider security games [Kiekintveld et al., 2009]. Security games model the situation where a defending player has to decide on a
stochastic allocation of defense resources, such as patrols, to a number of potential targets. The attacking player then observes the defender’s allocation and chooses which target to attack. The objective of
the model is to decide how the defender can best allocate its resources. This requires the defender to
evaluate the payoff (cost) of a successful attack on each target. According to Nguyen et al. [2014]:
1 Summarized

at https://newsroom.bmo.com/2013-05-02-BMO-Psychology-of-House-Hunting-Report-Home-BuyersVisited-an-Average-of-10-Homes-Before-Buying.
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Equilibrium strategies for defenders can be extremely sensitive to these payoffs, yet they can
be extremely difficult to assess, requiring security experts to evaluate the potential impact on
lives, property, and economic activity associated with specific attacks on particular targets.
Even with this effort, this assessment is generally characterized by significant uncertainty.
System 1 is not very helpful in responding to these queries because even experts have limited experience
with the problem. It may even hinder accurate assessment by providing the intuition that any successful
attack would be devastating.
In this work, we develop a model of EE in sequential decision-making settings with relevant experiential information, i.e., the cost and accuracy of a user’s response to a preference query depends on
the state of the system. Specifically, if a user is asked to assess (e.g., compare) outcomes, both cost and
response noise increase with how “closely” the user has experienced these outcomes, allowing different
forms of distance (e.g., state similarity, recency of experience) to play a role. In this setting, there is an
explicit trade-off between exploitation (optimal control given the current preference information) and
exploration (having the user encounter new circumstances that may allow preference queries that can
improve control).
We motivate our methods by considering a smart home agent that controls the heating, ventilation
and cooling system (HVAC) system in a user’s home, changing settings in response to variable electricity
prices and a user’s complex temperature preferences. The increasing presence of renewable sources of
power generation has created highly variable pricing, and users cannot realistically adapt behavior to
such price variations in real time (due to attentional costs, inability to forecast price and temperature
changes, etc.). However, for an autonomous agent to adapt HVAC on a user’s behalf, considerable
preference information about small changes in comfort levels are needed. PE queries can be difficult to
answer unless a user is actually experiencing (or has recently experienced) the conditions in question
(e.g., temperature, humidity, price). As such, this a natural domain for EE.
The main contributions of this chapter are as follows:
1. We introduce and motivate the EE approach for a variety of AI systems that interact with users
over time.
2. We provide a theoretical analysis connecting optimal EE to other, well-known problems in AI.
3. We study the interplay (and synergies) of relative value queries (RVQs), which are natural in
HVAC settings, with a preference prediction model based on Gaussian processes (GPs).
4. We develop a system for EE in a smart-home HVAC setting using RVQs and GPs, and analyze it
empirically using a combination of real and synthetic data, showing that it outperforms natural
baselines.
The chapter is organized as follows. Section 5.2 reviews Markov decision processes, GPs, and related
work in PE. Section 5.3 provides a formal model of EE and relates it to other problems in AI. Section 5.4
introduces RVQs and our GP-based model for EE. In Section 5.5, we outline a natural cost and noise
model for RVQs and we present experimental results in Section 5.6.
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Background

Markov Decision Processes (MDPs): MDPs [Puterman, 1994] are a generic model of sequential
decision making processes in discrete time. We use MDPs as the central sequential decision-making model
in this chapter. The problem of HVAC control naturally lends itself to being solved as an MDP. At each
time step, the agent inputs a control action, heating or cooling the house. The interior temperature in
the next time step depends on the interior and exterior temperatures in the previous step and the action
that was taken.
The most important parts of the MDP model are:
• A set of states S, with a state corresponding to each possible state of the world.
• A set of actions A, which describes what actions can be taken from each state.
• A transition function Psa , which yields the distribution of the next state given the current state
and the action taken.
• A reward function rps, aq, which tells the agent the utility (payoff) of taking a particular action
from a particular state.
In a standard MDP, all properties of the model are known to the agent in advance.
Formally, we assume a fully observable MDP M “ tS, A, tPsa u, γ, β, ru with finite state set S, action
set A, transition models Psa , discount factor γ, initial state distribution β and reward function rps, aq.
The initial state distribution is the distribution over starting states of the model. The discount factor
describes to what extent the agent should prefer reward in the current step compared to the next step:
reward accrued i steps in the future is scaled down by γ i . We consider infinite-horizon models.
The usual goal in MDPs to find a (deterministic) policy, i.e., a mapping from each state to an
action, that maximizes discounted reward. Formally, a policy π : S Ñ A has value V π , given by:
‰
“ř8
ř
V π “ s1 PS βps1 qE i“1 γ i´1 rpsi , πpsi qq|π , where expectation is taken over the distribution of state
sequences induced by π.
An optimal policy π ˚ maximizes expected value—π ˚ P argmaxπ V π . An optimal policy can be
computed by a variety of means [Puterman, 1994]. It can be done in polynomial time [d’Epenoux, 1963],
but faster methods lacking polytime guarantees are typically used. In this chapter, we focus on value
iteration (for technical reasons). Value iteration uses the value function V : S Ñ IR, which will converge
to the expected value of executing the optimal policy from each state. The value function is initialized
arbitrarily. At each step of value iteration, the value function for a particular state is updated, using
the formula:
V psq :“ max
a

˜
ÿ

¸
1

1

Psa ps qpRps, aq ` γV ps qq

(5.1)

s1

Value iteration converges to the optimal policy, but it may require an exponential number of steps to do
so.
Gaussian Processes (GPs): GPs [Rasmussen and Williams, 2006] are universal function approximators that model the points of a function as a multivariate Gaussian distributed with known covariance,
given by applying the kernel function to their inputs. In addition to estimating the value at any point,
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GPs quantify the uncertainty in that estimate. GPs have been used previously in PE because they
address several of the main desiderata of preference models: a) they can capture any utility function,
b) they model uncertainty in a principled manner, c) they facilitate query selection to improve the
user’s objective and d) they allow for the incorporation of prior knowledge [Bonilla et al., 2010]. In our
EE model of HVAC control, GPs are additionally valuable because they can integrate the responses to
relative value queries while still providing closed-form predictions.
A GP is represented as tK, xtrain , ytrain , σ 2 u with kernel function Kp¨, ¨q, training data pxtrain , ytrain q,
and Gaussian observation noise σ 2 .2
´x1 q2
expr px02`
s,
2

Typical kernel functions include the squared exponential

where the lengthscale parameter ` governs the distance that new observations affect.

Calculating a GP’s predicted mean µtest and covariance Σ̄ at any number of test points xtest can
be done by applying the standard conditional expectation and covariance expressions for multivariate
Gaussians and making use of the fact that the sum of Gaussians is Gaussian (for Gaussian observation
noise). Let Σ denote the covariance matrix that results from stacking the test points on top of the
training points:
«
Σ“

Σtest,test

Σtest,train

Σtrain,test

Σtrain,train

ff
(5.2)

where Σi,j “ Kpxi , xj q. Then,
µtest “ Σtest,train pΣtrain,train ` σ 2 Iq´1 ytrain
2

Σ̄ “ Σtest,train pΣtrain,train ` σ Iq

´1

(5.3)
2

Σtrain,test ` Σtest,test ` σ I

Matrix inversions make both operations (5.3, 5.4) scale cubically with the number of training points.
Since our work aims to minimize this number (i.e., user queries asked), this is not a practical obstacle,
(for large data sets, DNGO can be used [Snoek et al., 2015]). If data arrives arrive incrementally, block
matrix operations can be used to perform a posterior update with complexity that is only quadratic in
the training set size. Since test points correspond to states of the MDP, performance of the conditional
expectation operation is more critical—it is linear in data set size.
While we present GPs with uniform observation noise, we will make use of the fact that the matrix
σ 2 I can be swapped with an arbitrary covariance matrix, e.g., to allow for non-identically distributed
Gaussian noise.
Because of their cubic complexity in the amount of data, GPs can be difficult to profitably apply
directly to supervised learning problems. One domain where they have been particularly successful is
the optimization of black-box functions [Snoek et al., 2012]. This setting resembles preference elicitation
in a sense: a costly estimate of the function at a particular point can be obtained by querying. This
problem is of special interest in supervised learning where it is often used for hyperparameter tuning.
Related Work: PE in MDPs has been previously studied by Regan and Boutilier [2009; 2011], who
assume that elicitation and control are separable. Thus, they query the user until enough reward
information has been acquired to solve the MDP (approximately) optimally. In our work, the ability
of the user to effectively assess preference/reward queries depends on the current system state, thus
inducing a tight coupling between elicitation and control.
2 We

assume a prior mean of zero for simplicity.
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Shann and Seuken [2013; 2014] study preference elicitation and optimal control in an MDP-based
HVAC model.3 Their active learning model assumes a specific functional form of user utility with four
parameters. The PE system is allowed a specific number of demand queries each day, i.e., queries of the
form “what would your preferred temperature be, given current conditions (including price)?” There
are two key differences between their work and ours. The first is that their PE system does not consider
experiential information: it is impossible for the user to tell the system anything except their preferences
in the current context. The second is that their end-goal is an HVAC system, whereas we use an HVAC
system as a motivating example for developing EE and RVQs. As a consequence, they are focused on
learning four utility parameters that are relevant to HVAC, whereas our system has the goal of learning
a utility function with unknown functional form, a harder task.
PE in sequential decision making has also been studied from the perspective of “active” inverse
reinforcement learning. In standard inverse reinforcement learning [Ng and Russell, 2000; Rothkopf and
Dimitrakakis, 2011], the agent receives a set of demonstrations from the user and attempts to reconstruct
the reward function from the demonstrations. Judah et al. [2014] extends this by allowing the user to
specify additional reward information in the form of a shaping reward function. From a PE perspective,
these papers can be viewed as one-shot “push” systems: the user provides as much preference information
as they want to the system, which then learns as accurate a model as possible from it. Natarajan and
Odom [2016] consider an iterative “pull” PE system where the agent requests demonstrations from the
user. None of these systems have an experiential dimension to them.
Ideas similar to EE have appeared in past PE work. Hui and Boutilier [2008] use a qualitative version
of EE in an application customization setting. In PE for stable matching, Drummond and Boutilier [2014]
use a two-stage elicitation process. The first stage “hypothetical” queries are inexpensive and limited in
accuracy and the second stage “interview” queries are expensive and perfectly accurate.
GPs were first used for preference learning by Chu and Ghahramani [2005]. They study the problem
of learning to rank a set of alternatives, which are represented by feature vectors, given the results of a
number of pairwise preference queries. Their main contribution is to develop a new likelihood function
for the preference relations and a variational approach for inferring the model parameters that makes
use of a Laplace approximation. Note that Chu and Ghahramani do not perform any elicitation.
Bonilla et al. [2010] extend Chu and Gharamani. First, they extend the likelihood model and inference procedure to multi-user collaborative filtering. Second, they perform elicitation by estimating the
expected value of information of each query and eliciting in descending order of EVOI. They find that
their method outperforms several others in well-studied PE domains.

5.3

A Model of Experiential Elicitation

In this section, we describe an abstract model for the experiential elicitation (EE) problem and draw
theoretical connections to other sequential decision models.
An EE problem instance is tM, R, Q, N “ tNq u, D “ tDq u, Cu, where M is a fully observable MDP.
Unlike a standard MDP, the true reward function r is not (initially) known to the agent. R is the
reward uncertainty model capturing the agent’s prior over possible rewards. We take a probabilistic
perspective—R is a distribution over reward functions [Xu and Mannor, 2009]. We sometimes abuse
3 Shann

and Seuken [2014] use GPs as well, but for a different purpose: to predict the outdoor temperature and the
electricity price.
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notation and use R to refer to the support of the distribution (i.e., set of feasible reward functions).
The remaining parameters specify the process available to the agent to elicit user’s reward function. Q
is the set of available queries that can be asked, while N associates a set of possible user responses Nq
with each q P Q. The response function D specifies a response distribution for each query. It maps from
R ˆ S ˚ to a distribution Nq for each q P Q, defining a distribution over user responses given any possible
true reward function r and history of past states. The query cost function C : Q ˆ S ˚ Ñ IR` specifies
the cost of asking a query, given a state history.
We give a brief example of an EE model for the HVAC domain. Here the MDP would be the
standard heating and cooling model, where the actions represent thermostat control. The queries might
be demand queries:4 given a particular state of the world (temperature, weather, who is home and what
they are doing and wearing, the current electricity price) what would their most preferred temperature
be? The response set is all possible temperatures. The response function is the user’s true preferred
temperature with Gaussian noise added, noise which is of higher magnitude the more distant the queried
state is to the current state. The query cost function is also proportional to the distance from the queried
state to the current state.
We believe that EE may be useful in other domains where decision-making is primarily subconscious.
For example, an autonomous personal assistant on a smartphone may make decisions on our behalf that
have significant subconscious components, such as when to schedule meetings, what information to show
the user on the lock screen, and when to provide the user with reminders. It may be hard for the user
to respond accurately to queries about the utility of hypothetical actions of personal assistants, whereas
experiential queries may be effective in eliciting useful responses.
An agent acting in an EE instance knows all problem elements except r. In other words, it doesn’t
know the true reward r, but only the space and distribution R of possible rewards. This reflects the fact
that an agent has incomplete and imprecise information about a user’s true preferences. The agent can
at each stage choose to ask queries or take actions, specifically:
1. An initial state s, drawn from β, is revealed (the MDP state is fully observable).
2. Repeat infinitely:
(a) The agent asks the user zero or more queries. The user responds to each according to the
query response function (w.r.t. r and the state history).
(b) The agent executes some a P A and state transitions according tPsa u, with the new state
revealed.
The goal of the agent is to maximize expected total discounted reward w.r.t. the user’s (unknown) reward
function r less discounted query costs.
We make two assumptions for ease of exposition. First, MDP state transitions evolve more slowly
than any “reasonable” number of queries. If this is not the case, we can model exogenous state transitions when queries are being asked or introduce time-based discounting to account for query “delays.”
Second, actions provide no reward information. The extension to actions with information content is
straightforward.
In the remainder of this section, we connect the EE model to several related AI models. We find
exploiting these connections to be difficult in the domain that we consider, but they may valuable in
4 We

consider different query types below.
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Figure 5.1: Diagram of a simple two-state MDP with deterministic transitions.
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Figure 5.2: Diagram of the corresponding POMDP, where dashed lines represent query actions. There
is one query action available in each state.
other settings and they are of theoretical interest.
The first connection is that an EE instance can be formulated as a partially-observable MDP
(POMDP) [Smallwood and Sondik, 1973]. A POMDP is an MDP where the state is not directly
observable. The agent instead receives an observation when a state transition occurs, and the distribution of observations is known for each state-action pair. Formally, a POMDP is tM, Ω, tOsa uu, where
M “ tS, A, tPsa u, γ, β, ru is an MDP, Ω is the set of observations and tOsa u is the distribution over Ω
for each state action-pair.
Theorem 5.1. Any EE instance can be formulated as a POMDP.
Proof. The fundamental idea of the proof is to embed the set of possible rewards in the POMDP state
space. This transformation is related to Poupart et al.’s [2006] method of solving Bayesian reinforcement
learning problems by formulating them as POMDPs. State transitions act on S, but never change the
reward embedded in the state; thus, for any distinct r, r1 P R, the corresponding embedded state sets
1

S prq and S pr q do not communicate. The reward uncertainty distribution may be discrete or continuous
(necessitating a POMDP with infinite states in the latter case). The action space A is augmented
by the set of queries, so the agent can ask queries or take (original) actions; queries cause no state
transition. The observation function for (original) actions reflects full observability of the (original)
state space (observations are the states themselves), while for queries, the observation function captures
the distribution over responses.
Figures 5.1 and 5.2 give a visual example of the transformation. Figure 5.1 shows the MDP of a
two-state EE model where the reward in each state is either 0 or 1. Figure 5.2 shows the equivalent
POMDP representation where there is a single query action available for each state.
We begin by constructing a model without elicitation.
Formally, let S be the same as S in the MDP, except each state is duplicated |R| times, with a copy
corresponding to each possible reward function. We denote the set of states where r is the true reward
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function as S prq . Consider a state sr P S prq that corresponds to s P S. Apsr q is a superset of Apsq.
• Transitions: for each action a P Apsq and each state s1r P S 1prq with corresponding original state s1 ,
Psr a ps1r q “ Psa ps1 q. Ps1r a ps1r q is zero otherwise.
• Observations: each action emits the observation ωs1 with probability 1, which informs the agent
of the identity of the state s1 P S corresponding to the state s1r it has transitioned into.
• Rewards: the reward is rpsr , aq “ rps, aq.
• Initial state distribution: β 1 is βpsr q “ Prprqβpsq where βpsq is the initial state distribution in the
MDP.
The model now matches the EE instance exactly, but there is no way for the agent to gain information
about the true reward function. To allow this, we will augment the action set with “querying” actions.
These actions do not cause state transitions, but they emit observations that reveal information about
the true reward function. The rewards of the actions are negative and given by the query cost function.
Let q P Q be a query. Create a corresponding action aq which is available from every state.
• Transitions: aq causes no transitions. Psr aq psr q “ 1.
• Rewards: rps, aq q “ ´Cpq, sq where s is equal to the state history. We need to augment the
POMDP’s state space to track the necessary history for both the query cost function C and the
query response function. This augmentation only affects the rewards and observations of querying
actions. For example, suppose our query cost and response models depend on the shortest distance
between the queried state and any state we have visited in the last 50 states. We would need to
augment the state representation with a S 50 vector representing the past 50 visited states. If the
model depends on an infinite state history (as do those in Section 5.5), the POMDP requires an
infinite dimensional state in the worst case.
• Observations: let Ω contain

Ť
q

Nq . Osr aq “ Dq pr, sq.

The agent can now perform elicitation. This concludes the construction, except for one issue: discounting. In the POMDP, discounting is applied when any action is taken (including a query), but in
the EE model, discounting is only applied when a control action is taken. POMDPs can be extended so
that certain actions do not cause discounting (and this does not interfere with many standard results).
If we wish to make no such modification, we can augment the state space (storing the number of queries
that have been asked so far) to fix the problem.
We show that an optimal policy for the POMDP is optimal for the EE instance. Observe that for
a given sequence of actions and queries and a starting state distribution, the expected reward in the
EE and POMDP models is identical. The actions have the same transition probabilities except that the
POMDP state has the reward information embedded in it, and action trajectories can never cross from
a state with a particular reward embedded to a state with a different reward embedded. The queries
have the same costs associated with them and do not cause the state to change in either model. Thus,
because the set of policies is the same in each model and the expected reward of each policy is the same,
the optimal policy in the POMDP is the same as that in the EE.
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Note that the POMDP belief state for an EE problem will reflect the agent’s posterior over R,
reflecting information captured about a user’s preferences by queries and responses. POMDPs have
been used to model elicitation problems in the past [Boutilier, 2002; Holloway and White, 2003]. These
formulations differ from ours because they require only one state for each potential reward function.
We discuss the three main obstacles in the POMDP reduction and their impacts from a practical and
theoretical perspective. The first is that the POMDP may require infinite states if R is continuous. This
is not an important issue for two reasons: i) it would occur for any PE scenario where the support of
R is infinite, regardless of model; and ii) the state space of POMDPs is often approximated in practice,
even when it is finite, because of the high computational complexity of solving POMDPs.
The second, bigger, issue is that the POMDP may require an infinite-dimensional state space to
keep track of the state history. EE, as we define it, is not Markov whereas POMDPs must be. Infinite
dimensional POMDPs can be a problem because compressing the state dimension while keeping the
relevant information is hard. However, it is unlikely in that any practical EE system would require
unbounded state history to model responses accurately. Our definition permits unbounded state history,
and we make use of it because it is elegant, but it is not necessary from a practical perspective.
The third issue is the different way discounting is handled in the two models. This is quite annoying
from a practical perspective because it prevents any EE instance from being solved as a POMDP exactly
without requiring an infinite-dimensional state space (unless the discount factor is 1). However, from a
theoretical perspective, POMDPs having a fixed discount rate is more for ease of exposition than it is
essential. From a practical perspective, we may simply ignore the difference (or tweak the discount rate,
taking into account the expected number of queries that will be asked).
There is a direct connection between EE and reinforcement learning (RL) as well.
Observation 5.1. Consider an RL problem xMy that consists of an MDP M which is known to the
agent except for the reward function, and whenever the agent transitions into a state, it receives the reward information for that state. This problem can be reduced to EE and the reduction requires increasing
the number of states by a factor of Op|S| ˆ |A|q.
Proof. Create an EE that retains the model details (states, actions, transitions, rewards, discount). We
let reward uncertainty R be an uninformative prior. For each state s, we allow value queries for any
state-action pair ps, aq, which asks a “user” (representing the environment) for the reward for that pair,
and the response function represents the RL (stochastic) reward for that pair. Query cost is zero if
asking about the action just taken at the previous state, and infinite otherwise. To encode this query
cost function, the EE state must include the previous state visited and action taken, which causes a
state space blowup of |S| ˆ |A|.
In this EE instance, the only “available” query at a state is “free,” so it is optimal to always ask it,
giving an EE agent the same information as an RL agent.
Lastly, suppose we ignore an EE agent’s query strategy, or equivalently, make no queries available.
The optimal control policy under reward uncertainty for a risk-neutral agent can be solved as an MDP.
Observation 5.2. Given a risk-neutral agent and an MDP with uncertain reward R, its optimal policy
is that of an MDP where each state-action reward is its expected reward under R. (This holds even if
rewards are correlated under R).

Chapter 5. Experiential Preference Elicitation for Autonomous HVAC Systems

96

Proof. This follows from a simple argument using linearity of expectation. Let Rs,a be a random variable
representing the (possibly correlated) state-action reward according to the agent’s current beliefs. Given
a risk-neutral agent, the optimal policy π ˚ of an MDP with uncertain reward R satisfies
«

ff
ÿ

π ˚ psq “ argmax E Rs,a ` γ
aPApsq

Psa ps1 qV ˚ ps1 q

(5.4)

s1 PS

where
«

ff
ÿ

V ˚ psq “ E Rs,π˚ psq ` γ

Psπ˚ psq ps1 qV ˚ ps1 q

(5.5)

s1 PS

We can rewrite π ˚ psq using linearity of expectation and using the fact that V ˚ psq is already an
expectation w.r.t. to R:
ÿ

π ˚ psq “ argmaxpErRs,a s ` γ
aPApsq

Psa ps1 qV ˚ ps1 qq

(5.6)

Psπ˚ psq ps1 qV ˚ ps1 q

(5.7)

s1 PS

We can rewrite V ˚ psq likewise:
V ˚ psq “ ErRs,π˚ psq s ` γ

ÿ
s1 PS

Combining the two equations, we get the standard Bellman equation for the value function, but with
Rs,a replaced with ErRs,a s:
˜
˚

V psq “ max

aPApsq

¸
ErRs,a s ` γ

ÿ

1

˚

1

Psa ps qV ps q

(5.8)

s1 PS

Since the optimal policy is the only policy that satisfies the Bellman equation, π ˚ is the optimal policy
of the MDP with reward replaced by its expected value.
This is equivalent to the imprecise-reward MDP [Regan and Boutilier, 2009], but we solve it in a
Bayesian manner instead of using minimax regret. We exploit this observation when defining expected
value of information in Section 5.4.

5.4

EE with Relative Value Queries

A relative value query (RVQ) asks the user to articulate the difference in value or utility between states.
An RVQ px0 , x1 q comprises two points in a d-dimensional state space. A response y is the user’s
estimate of the difference rpx0 q ´ rpx1 q in their immediate rewards. We study RVQs because they
naturally capture the way that users make decisions in certain domains. For example, in the HVAC
setting an RVQ represents the query “in the current conditions, what electricity cost savings would be
required so that raising the temperature by one degree for one hour would be acceptable?” When a user
sets their HVAC system in a given context, they are “reasoning” over the set of RVQs. In this section,
we examine EE systems that use RVQs.
We compare RVQs to a few other query types in the HVAC domain. Value queries would ask a user
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directly for their utility (in dollars) for a particular state. This is quite difficult to answer as there is no
need to have a value function to make HVAC decisions—instead, the user is faced with a set of actions
and needs to choose among them. Following that intuition, we could ask users what their preferred
action would be at a particular state (this is one possible interpretation of a demand query). One
disadvantage of this query strategy is that requires the user to reason about the cost of the action they
choose. It is cleaner to separate the raw reward of a state and the cost of getting to that state. Another
disadvantage is that there is stochasticity in the model, so the information we receive is comparing the
expected values of two distributions. Another idea for interpreting demand queries is to ask the user
what their preferred interior temperature would be for a particular state. The difficulty here is that the
user’s response is completely removed from the cost of getting to that temperature.
A first key observation is that the MDP embedded in an EE instance can be solved optimally using
only RVQs. Having only difference information for all state pairs means that state rewards are known
only up to an additive factor. However, by the equivalence of utility functions (in this case, the MDP
value function) under positive affine transformation, it immediately follows that adding a constant to
the reward function does not change the optimal policy.
Observation 5.3. An MDP can be solved optimally given only information about the differences in
rewards between a collection of state-action pairs.
Proof. Knowing the difference in reward between all state-action pairs is equivalent to knowing the
reward function up to an additive factor. Thus, it suffices to show that adding c to the reward of each
state-action pair does not change the optimal policy.
The optimal policy π ˚ of an MDP is a policy that satisfies
˜
π ˚ psq “ argmax rps, aq ` γ
aPApsq

where V ˚ psq “ rps, π ˚ psqq ` γ

ř
s1 PS

¸
ÿ

Psa ps1 qV ˚ ps1 q

(5.9)

s1 PS

Psπ˚ psq ps1 qV ˚ ps1 q.

Consider the effect on Equation 5.9 of replacing rps, aq with r1 ps, aq “ rps, aq ` c. Each V ˚ psq will
ř
increase by t cγ t , where t is the number of steps remaining in the MDP. Because each V ˚ psq increases
by the same amount, π ˚ psq remains the same.
To exploit RVQs effectively, we need a learning method that, given a set of responses to RVQs,
can estimate the rewards (and uncertainty) of all states. GPs can be adapted to this purpose while
maintaining the critical properties that drive their usefulness for PE, in particular, the ability to estimate
the expected value of information of a query.
We show that the GP posterior update has a closed form in the case of RVQs. Since an RVQ
represents the difference of two Gaussian random variables (RVs) with known covariance, the affine
property of multivariate Gaussian RVs ensures they are closed under linear transformations.
Observation 5.4. Let X be an RV distributed as N pµ, Σq, c a constant M -dimensional vector, and B
a constant M ˆ N matrix. Then c ` BX „ N pc ` Bµ, BΣB T q.
Proof. The proof uses characteristic functions: a random variable Y of dimension N with mean µ and
covariance Σ is normally distributed if and only if for any constant vector t of dimension N ˆ 1,
1
ErexppitT Y qs “ exppitT µ ´ tT Σtq.
2

(5.10)
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(i is the imaginary unit). We will show that ErexppitT pc ` BX qs has the required form.
ErexppitT pc ` BX qs “ exppitT cqErexppitT BX qs
T

T

“ exppit cqErexppiα X qs

(5.11)
(5.12)

where we let αT “ tT B. Because α “ B T t is a constant vector of dimension N ˆ 1,
1
ErexppitT pc ` BX qs “ exppitT cq exppiαT µ ´ sT Σαq
2
1
“ exppitT pc ` Bµq ´ tT BΣB T tq.
2

(5.13)
(5.14)

Suppose our training data consists of RVQ responses.5 Our n training points have form px0 , x1 , yq,
where px0 , x1 q is the RVQ (two states) and y its (noisy) response, i.e., estimation of reward difference.
Let X0 (resp., X1 ) be the matrix resulting from stacking the x0 (resp., x1 ) vectors, and let Xtest be the
set of m test points, arranged as a m ˆ d matrix. To compute the posterior of the GP at Xtest (states at
which we wish to predict reward), we construct an affine transformation matrix B. Let X be the data
“ Xtest ‰
points stacked as X “ X0 , a matrix of size pm ` 2nq ˆ d. Define
X1

B“
where Bdiff is

rIn,n ´In,n s ,

«
Im,m

0m,2n

0n,m

Bdiff

ff
(5.15)

I is the identity matrix and 0 is the zero matrix. (Bdiff is n ˆ 2n and B is

pm ` nq ˆ pm ` 2nq.) B transforms the training rows into differences without affecting the test points.
In the absence of observations, the distribution of X —the RV that represents the distribution over
X— is just the prior zero-mean and covariance Σ Gaussian, where Σ results from applying our chosen
kernel. Applying Observation 5.4 using B yields an RV that relates the training and test points: a
Gaussian with covariance BΣB T and mean B0 “ 0. This Gaussian has dimension m ` n (cf. the
original m ` 2n)—we now have a single dimension for each training example. The usual conditional GP
expectation and variance (Equations 5.3, 5.4) in the transformed space yields the posterior at the test
points.
As in a standard GP model, we can also incorporate observation noise. Suppose that each observation
2
y has i.i.d. Gaussian noise with variance σ 2 . We model this with σ2 noise on the underlying Gaussian,
which results in observation noise of σ 2 on the difference. Non-i.i.d. noise is handled by replacing σ 2 I
with our chosen noise matrix.
Using this procedure for posterior updates, we can estimate (myopic) expected value of information
(EVOI) of a query using a GP, adapted to the MDP setting. The estimate is myopic because it does not
account for future queries. The myopic EVOI is the amount our expected reward increases as a result of
asking a particular query, according to the current preference predictions of the GP. In our experiments,
we use the EVOI to determine whether a query is expected to increase our discounted reward by more
than the cost of the query. In theory, we could use the EVOI directly to determine what query provides
the highest increase in discounted reward net of query cost, but this would require some sophistication
5 This

method can be modified to accommodate any combination of training points as long as each represents the result
of applying a linear transformation. This includes ordinary value queries.
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due to the size of the set of RVQs.
Suppose we want to estimate the EVOI of an RVQ q. Let R be our current reward uncertainty and
Rpq,yq be the posterior after asking q and receiving response y. Let Y be an RV representing the RVQ
response according to R. Applying Observation 5.2, let V ˚ be the optimal policy value under belief R
˚
be the optimal policy value under belief Rpq,yq .
and let Vq“y
˚
Definition 5.1. The (myopic) expected value of information (EVOI) of a query q is EY rVpq,yq
´ V ˚ s.

In practice, we compute the expectation by sampling query responses from R and averaging the
changes in policy value. We use the following procedure:
1. Sample n query responses for q from the GP posterior.
2. For each query response y:
(a) Add y to the set of query responses (i.e., treat it as if it were a query that we actually asked
the user).
(b) Calculate the value of the optimal policy under the new set of query responses and save it.
(c) Remove y from the set of query responses.
3. Return the optimal policy value, averaged over all the responses, minus the original optimal policy
value.
Random forest model: As a point of comparison, we also define a simple random forest (RF) model
[Breiman, 2001; Friedman et al., 2009] for EE with RVQs. We choose an RF because of its excellent
performance with small amounts of training data.
RFs consist of many decision trees, each trained on a sample of the data. To make a prediction, the
outputs of all of the decisions trees are averaged. Formally, for each decision tree:
1. Draw a sample from the data uniformly at random, with replacement.
2. Fit a decision tree to the sample by recursively performing the following splitting operation on
each terminal node of the tree that is larger than the minimum node size (i.e., the number of data
points which terminate at that node of the tree) until no such nodes exist:
(a) Sample a subset of data dimensions uniformly at random.
(b) Split the node into two new terminals, using the dimension and split point that makes the
numbers of data points that terminate on each new node as close to equal as possible.
Prediction is performed by averaging the outputs of all trees with equal weight. We use the scikit-learn
[Pedregosa et al., 2011] implementation of RFs, which uses a sample size equal to the size of training
data (but sampled with replacement) and uses all data dimensions when searching for the best split.
We train the RF using each training example twice, px0 , x1 , yq and its “reversed” RVQ as px1 , x0 , ´yq,
so the model is informed of the “opposite” prediction. At test time, we predict a response to q 1 by
averaging the model response to q 1 and the negative response to the reversal of q 1 . To evaluate reward at
a set of states, we formulate each as an RVQ that compares it to the state most observed in the training
data (recall that by Observation 5.4, only relative values affect the MDP solution). Unlike the GP, this
model is incapable of evaluating EVOI of queries.
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Query Response and Cost Model

We develop a model for users’ responses to queries, i.e., how accurate and how costly such responses
are. We are motivated by the HVAC setting, where RVQs compare states representing the internal and
external temperature, humidity, time, etc. Our response and cost models should satisfy the following
criteria:
1. They should align with the concept of just noticeable difference (JND) [Gescheider, 2013]. An
RVQ comparing two states that differ only in internal temperature is more difficult to answer if
the difference is small. Such queries are difficult (i.e., cognitively costly and error prone).
2. It should be harder to compare states that are different in several ways rather than few, e.g., it
is easier to compare two states that differ only in internal temperature than states that differ in
internal and external temperature.
3. It should be easier to answer queries about states that are similar to the current state, or to one
that was visited recently. For example, it is easier to compare two “summer states” in the summer
than it is in the winter.
4. The mere act of answering a query should be expensive because it is disruptive. Thus, there is a
lower bound on query response costs.

Query response model: We use the following query response model:
Dpxq0 , xq1 q “ N prpxq0 q ´ rpxq1 q, σnoise q
σnoise “ cf

n

(5.16)

` cd n p||xq0 ´ xq1 ||1 ` min p1 ` δqt´i p||xq0 ´ xi ||1 ` ||xq1 ´ xi ||1 qq
0ďiďt

(5.17)

where xq0 and xq1 are the queried states, xi is the sequence of past/visited states and δ is the user’s
discount factor. (N pµ, σq is a normal random variable with mean µ and variance σ.)
Modern psychophysics [Gescheider, 2013] assumes that sensor noise is the cause of JND. The f ixed
noise constant cf

n

ensures that noise is non-zero.

The second and third desiderata are satisfied by using the L1 -distances between states, which captures both the number of (state feature) differences and their magnitude, weighted by the distance noise
constant cd n . We capture the temporal component (i.e., less noise queried states are close to recently
visited states) by discounting distances to previously visited states and using the state with least discounted distance. The literature generally embraces the notion that sensors are well-calibrated, thus,
we use an unbiased response model.
Our query cost model has the same form, with one addition. We augment the model to reflect that
queries near the JND are more costly by adding a term that decreases with the distance between xq0
and xq1 :
Cpxq0 , xq1 q “cf c ` cd c p||xq0 ´ xq1 ||1 `
min p1 ` δqt´i p||xq0 ´ xi ||1 ` ||xq1 ´ xi ||1 qq `

0ďiďt

(5.18)
cJND
1 ` e||xq0 ´xq1 ||1
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5.6

Experiments

Our experiments assess: (i) how the GP-based approach to EE compares to several natural baselines; and
(ii) how filtering prospective queries by EVOI affects both the quality of the learned policy and overall
utility accrued. We first describe our experimental setup. Our MDP model is derived from HVAC and
temperature data from Pecan Street Inc. [Rhodes et al., 2014], the same data used in Chapter 4. The
states of the MDP contain the time, date, exterior and interior temperature. We discretize time into
hours and temperatures into 20 buckets between 5 and 45˝ C. There are 3.5 million states. There are
10 HVAC control actions (5 heating, 5 cooling). Control response depends on properties of the HVAC
system and thermal properties of the house in question, which are selected randomly from a range of
realistic values. Action costs are determined by electricity prices in Austin, TX (where the data was
collected). The user’s reward for state s has the form:
«

pintpsq ´ pint˚ ` biaspextpsq ´ int˚ qqq
rpsq “ exp ´h
w

2

ff
(5.19)

where int˚ is the user’s most preferred internal temperature, intpsq and extpsq are the internal and
external temperatures in state s, and bias represents the degree to which a user’s preference for internal
temperature is affected by external temperature. Parameters h and w control the height (strength) and
width (breadth) of a user’s utility function. int˚ , w, h and bias are drawn from Up18, 22q, Up0, 20q,
Up0, 3q, and Up0, 0.4q, respectively. All users discount exponentially at a rate of 1%. Query response/cost
models use: cf

n

“ cf

c

“ cd c “ cd n “ 0.05 and cJND “ 2.5. We run 100 instances of EE, each for 1000

hours, with weather sampled from the Pecan Street data.
Note that while performance is affected by the choice of user utility function, the model can accommodate any form of utility function, as long as it depends only on attributes that are included in the
state vector. This is in contrast to previous work in learning HVAC utility functions such as Shann and
Seuken [2013].
We select the action for the current time step by solving an MDP, representing the next 24 hours,
using value iteration. For EVOI estimation of queries, we use 10 response samples and a longer lookahead
of 50 hours.
Query strategies: In each query strategy, a single candidate query is proposed at each time step. The
strategies differ in how they decide whether to ask a query and how they integrate responses. A query
compares (i) a sampled next state from transitions induced by the current best action, and (ii) a sampled
next state using the second best action. If the states are identical, we re-sample. This meta-strategy
is effective because (i) it provides information that is immediately relevant, and (ii) it asks queries that
tend to be close to the current state. More complex methods could increase performance at the cost of
additional computation (e.g., using lookahead or approximate solutions to the induced POMDP).
We compare the performance of five query strategies: two that are GP-based, one that is RF-based,
and two that are baselines.
• GP always uses a GP-based preference prediction model. It does not calculate EVOI and always
asks the proposed query.
• GP EVOI also uses a GP-based model, but only asks the proposed query if its EVOI is greater
than its cost.
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Figure 5.3: Reward accrued vs. time.

• RF always, uses a random forest model that always asks the proposed query (the RF model does
not calculate EVOI).
• omni is optimally omniscient, and takes the action of the optimal policy in the underlying (knownreward) MDP without querying. It provides an upper bound on performance, which cannot be
realized practically.
• null always takes the null action, i.e., does nothing.
Both GP models use the squared exponential kernel with lengthscale of 0.1˝ C. The random forest uses
25 decision trees.
Computing: We run all experiments on Intel “Broadwell” CPUs at 2.1 GHz. At time 1000—when all
methods have their largest set of responses (which imposes maximal demands on GP computation)—all
three (non-baseline) strategies take 0.1 s (on average) to select the next control action. GP always
and RF always do not estimate EVOI and take 0.15 s to select a query, whereas GP EVOI takes 2.0
s. The strategies also differ in the time required to evaluate state rewards given the current query set:
GP always takes 0.7 s, RF always 0.3 s, and GP EVOI takes 0.1 s—GP EVOI is more efficient
since it asks far fewer queries (see below).
Results: We first analyze total reward, including query cost, accrued by each strategy. Figure 5.3 shows
(average) reward accrued over time for the three core strategies. Because each user has different utility
height and width, we normalize results w.r.t. the maximum policy value, maxpomniq, observed in that
instance by the omni baseline. This ensures users with large utility values do not dominate the data.
omni and null perform at a constant level of 44.6% and 18.8%, respectively, of maxpomniq, and
are not shown in Figure 5.3. GP EVOI outperforms GP always and RF always at each point (each
performs similarly to null). These differences are statistically significant from iteration 90 onward (with
p “ 0.05). We will show that GP EVOI’s success is due to its ability to achieve control policy quality
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Figure 5.4: Policy value vs. time

Figure 5.5: Query cost vs. time.

103

Chapter 5. Experiential Preference Elicitation for Autonomous HVAC Systems

104

similar to the other methods, while incurring much lower query cost. This shows that the ability to
estimate query EVOI is invaluable in this domain.
We see that training under this model takes hundreds of queries to complete. 1000 hours represents
around 6 weeks of training time. One way of reducing training time would be to integrate collaborative
filtering techniques—building a more accurate initial model for each household by using the results of
queries to other households with similar features.
We next analyze the quality of the policy learned by each strategy. Figure 5.4 shows (ground truth)
expected value of the current (optimal) control policy (as specified by Observation 5.2, assuming no
more queries are asked) evaluated under the true reward function. omni and null (not shown) perform
at a constant level of 80% and 1.7%, respectively, of maxpomniq. The three main strategies perform
similarly w.r.t. policy value, with GP always having a slight advantage over GP EVOI. This is in part
because GP always (and RF always) receives a new query response every step, while GP EVOI asks
many fewer queries: 43.8 (σ “ 9.7) queries on average by time 100, 121.1 (σ “ 25.8) by time 500 and
179.6 (σ “ 39.4) by time 1000.
The query numbers above lead to significant query cost savings for GP EVOI. Figure 5.5 shows
the query cost accrued by GP always and GP EVOI (RF always is not shown since its query cost is
similar to GP always; omni and null are not shown since they ask no queries). Low query cost is a
major factor in GP EVOI’s strong performance. By time 100, GP EVOI has incurred total query cost
of $15.4 vs. $35 for GP always. By time 500 and 1000, GP EVOI’s costs are $40.2 and $58.4, resp.
(vs. $173 and $348 for GP always). Average cost per (asked) query for GP EVOI is similar to that
of GP always, $0.32 vs. $0.35, showing that GP EVOI’s advantage lies largely in asking queries with
higher EVOI rather than lower cost.
We ran additional experiments to study (i) how the strategies respond to rapidly changing context;
and (ii) whether GP EVOI correctly determines that queries in a previously visited context have low
value after spending a lot of time in a different context. To achieve this, we use a setup that is the
same as our other experiments except it has 1500 time steps and two different contexts. The first 500
time steps are consecutive hours starting in either Dec., Jan. or Feb. of our data set. The next 500
are consecutive hours in Jun., Jul. or Aug. The last 500 return to the same time steps as the first. In
Austin, TX. the average temperature difference between the two contexts is around 15 ˝ C.
Figures 5.6, 5.7 and 5.8 show the results. We observe that the context change has substantial effects.
In policy quality terms (Figure 5.7), the first context change results in a drop of around 17% on average,
which is similar for GP always, GP EVOI and RF always. This is because the query strategies
lack information about the reward function in the “summer” (second) context and not because the
optimal policy has a radically different value: omni achieves an average policy quality of 76% and 74%
of maxpomniq in the winter and summer contexts, respectively.
Figure 5.8 shows that GP always and RF always suffer increases in query cost at each of the
context changes.6 When the change happens, each of the strategies has a state history that is not very
useful for the new context, resulting in higher query costs and lower accuracy.
GP EVOI’s query cost also increases at the first context change. This increase in query costs is
not due solely to having a less useful state history because there is no corresponding increase at the
second context change. This shows that GP EVOI correctly recognizes that its model has become more
uncertain because of the change in context and querying has thus become more valuable. At the second
6 Recall

that RF always’s query cost is nearly identical to GP always’s.
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Figure 5.6: Reward accrued vs. time.

Figure 5.7: Policy value vs. time.
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Figure 5.8: Query cost vs. time.

change, GP EVOI assesses that it already has a high quality utility model for the new context and does
not increase its querying.
The difference in how GP EVOI handles the context changes compared to the other strategies
indicates that the benefit of query EVOI estimation increases with a rapidly changing context. For
example, in a model where the context rotated every 10 steps, GP EVOI could concentrate its queries
in the later periods of each context, when more state history is available. Meanwhile, the strategies
without EVOI estimation would constantly suffer higher query costs due to the lack of relevant state
history.
The relative performance of the three strategies is quite similar to the original experiments.
GP EVOI lags behind GP always in policy quality, but asks many fewer queries. The context change
slightly increases the number of queries asked by GP EVOI: 46.4 (σ “ 9.8) by time 100, 132.9 (σ “ 19)
by time 500, 204 (σ “ 23.9) by time 1000 and 254 by time 1500 (σ “ 36.5). In terms of reward accrued,
GP EVOI significantly outperforms the other two strategies starting after the first 90 hours.

5.7

Conclusion and Future Work

We have introduced experiential elicitation, a framework for preference elicitation in settings where a
user’s ability to (easily) answer queries is context dependent. Our model of experiential elicitation has
tight connections to POMDPs, RL and uncertain-reward MDPs. We studied a new query type for GPs,
the relative value query, that is well-suited to the home HVAC domain. We showed that GPs naturally
accommodate RVQs and offer effective EVOI computation, which is critical for trading off query cost vs.
value. Our experiments show that GP-based elicitation using EVOI outperforms other natural baselines
in the HVAC setting.
Interesting future directions for EE remain. Most obvious is the significant gap between the performance of our approach and that of the optimal omniscient algorithm. While this gap cannot be closed
entirely, a more sophisticated query strategy may have significant effect. In particular, the model allows
multiple queries per time step, which our strategy does not make use of. We might achieve better per-
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formance by asking many speculative queries at the start of the process. Another improvement would be
to make better use of EVOI estimations in query selection. To minimize the increase in computational
requirements, we could use a heuristic to come up with a short list of potential queries and then evaluate
myopic EVOI for each and then ask the query that offers the most EVOI net of query cost.
Our figures do not fully measure the performance of the algorithm under changing background
conditions. We would expect that GP EVOI should recognize when conditions are shifting into a
region where it does not understand user preferences well, and it should respond by asking more queries.
Unfortunately, because this requires a large shift in weather, it requires long experiment running times
to observe.
General EE problems may be much harder than the ones we encounter in this chapter. The HVAC
domain is well-behaved, with limited incentive to deviate from a simple control strategy to seek out
better queries. In the worst case, the EE system may be required to make a deviation of unbounded
cost from the optimal policy to receive any reward at all. Consider the following example.
Example 5.1. Let S “ ts0 , . . . , sn , selicit u be the set of states. Let R be that one of ts0 , . . . , sn u,
selected uniformly at random, that provides a reward of x, and the others give a reward of zero. The
agent can transition between any of the states deterministically. Transitioning between any of the si is
free, but transitioning to selicit costs y. A query revealing which of the si contains the reward may only
be asked from selicit and it has zero cost and perfect accuracy. The initial state is uniformly distributed
over the si .
The optimal control policy in this setting without querying is to randomly traverse the si . It yields
a discounted reward of
8
ÿ

x
n

(5.20)

8
x ÿ t
`
xγ
n t“2

(5.21)

γt

t“0

Suppose the following holds:
yγ ď

The optimal policy is go to selicit and query once, and then spend the rest of time in the node that
yields reward. This yields a reward of
8
ÿ
x
´ yγ `
xγ t
n
t“2

(5.22)

(If the assumption does not hold, the non-querying policy is optimal.)
Let both n and x approach infinity, but n does so faster (so that

x
n

approaches 0). The reward of

the optimal policy without querying approaches 0. Under these conditions, the reward of the optimal
querying policy is
´yγ `

xγ 2
1´γ

(5.23)

The term on the right-hand side approaches infinity. Let y approach infinity, but asymptotically slower
than x. Then, the above approaches infinity. Because y approaches infinity, achieving the optimal policy
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requires a deviation of unbounded cost from the optimal policy without querying.
Implementation choices for EE and utility functions that violate quasi-linearity: We discuss
two potential issues with our EE model. The first is that RVQs are difficult for users to answer because
they require numerical answers. We can adapt our model to address this criticism by replacing RVQs
with binary or Likert scale queries, e.g., “Do you prefer the current state to a state that is 1˝ C degree
cooler at a cost of $0.10 (and what is the strength of your preference on a scale of 1 to 5)?” Chu
and Gharamani [2005] and Bonilla et al. [2010] provide variational inference procedures for preference
prediction using GPs with binary queries, which could be directly substituted for our exact GP prediction
model. Extending their models to Likert scale queries is a potential avenue of future work.
The second issue is that the form of utility functions we require excludes users who violate quasilinearity because of budget effects, wealth effects (i.e., diminishing returns for money) or non-monetary
motivations (e.g., environmentalism). Solving an MDP subject to a budget has been studied previously
[Altman, 1999; Boutilier and Lu, 2016]. Since our approach does not depend on the specific algorithm
that is used to solve the MDP, a budgeted MDP could be directly substituted into the model. Nonmonetary violations do not necessarily pose an obstacle unless they do not have monetary equivalents.
The MDP framework may or may not be extensible to quasi-linearity violations depending on the specific
form of the violation.
Concept drift: EE is related to the problem of learning under so-called concept drift. After describing
a generic online classification problem, Widmer and Kubat [1996] write:
A difficult problem in such a learning scenario is that the concepts of interest may depend
on some hidden context. Mild weather means different things in Siberia and in Central
Africa; Beatles fans had a different idea of a fashionable haircut than the Depeche Mode
generation. Or consider weather prediction rules, which may vary radically depending on
the season. Changes in the hidden context can induce more or less radical changes in the
target concepts, producing what is generally known as concept drift in the literature (e.g.,
Schlimmer and Granger [1986]).
The problem is in some sense similar to the one faced by the EE system, which must separate features into
those which are the main drivers of utility (e.g., internal temperature), those which provide important
context (e.g., the month of the year may determine whether the heating system is active or not) and
those which are completely irrelevant. Over time, the EE system should learn when the context has
changed in a relevant way and know to return to the user with additional queries at that point. This
could be used as a PE-based approach to concept drift. When the supervised learning model is uncertain
in the current context, it can request more samples.

Chapter 6

Conclusions and Future Work
We begin with a summary of the main contributions of the thesis and then discuss future work.

6.1

Summary

This thesis approaches the problem of developing AI systems for efficient electricity markets from two
different angles. In Chapters 3 and 4, we build systems that solve the problem of coordinating a group of
electricity-consuming agents as a matching problem. The market has two sides: the sellers of electricity
and the buyers. Each buyer has a set of demand profiles, each with a different value, that represent
different electricity consumption plans. The objective is to maximize the social welfare, subject to
stability constraints, by matching each buyer to a seller and each buyer to a demand profile. The
chapters explore different elements of the problem.
In Chapter 3, we focus on the impact of demand “shape” on generator costs. When sellers are
assigned by the mechanism to a group of buyers, they are faced with the problem of how to serve that
demand in a way that minimizes their costs (the so-called dispatch problem). The way demand changes
over time can affect cost. For example, “smoother” demand is cheaper to serve, ceteris paribus, because
it requires less ramping (adjusting the output) of generators between time periods. Generator cost
functions have a variety of features, including shutdown costs and different layers of generation with
different properties. From a technical perspective, the cost functions we consider present the challenge
that stability is hard to achieve. We show that even weak definitions of stability are not achievable in
the worst case. Thus, we focus on a balanced approach, trading off a small amount of social welfare for
increased stability.
The major contributions of Chapter 3 are:
• We develop a tractable market model for matching consumers to producers while capturing many
of the complexities of electricity production and consumption (but not those pertaining to predictability of demand).
• We explore of the stability properties of this model under various cost-sharing schemes.
• We develop two payment algorithms that exhibit high stability and fairness in experiments, while
allowing tradeoffs between social welfare and stability.
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Chapter 4 focuses on a different aspect of generator cost functions: the impact of demand predictability on cost. In Chapter 3, we assumed that demand was deterministic. The addition of stochasticity
requires that generators maintain reserve capacity to be drawn on when demand is unexpectedly high.
Robu et al. [2017] develop prediction-of-use (POU) tariffs to model this situation. They show that the
cooperative game induced by POU tariffs are convex, which makes computation of core-stable payments
inexpensive. We perform the first end-to-end test of POU tariffs and find that they can decrease social welfare because they introduce a new coordination problem among electricity consumers without
presenting a means for solving it.
To that end, we develop multiple-profile prediction-of-use (MPOU) games. MPOU games bring
the “demand profiles” concept from the previous chapter to a setting with uncertainty, allowing each
consumer to report a set of demand random variables to the system, with an associated value for each.
We show that convexity is maintained in this model, and that, empirically, MPOU games achieve a
higher social welfare than fixed-rate tariffs. However, introducing demand profiles in a setting where
the choice is not fully observable creates a new principal-agent problem: consumers may choose not to
select the demand profile that is assigned by the system. We address this problem through separating
functions. Separating functions incentivize the consumer to use the assigned profile while not affecting
their expected payment if they do so. Thus, they preserve the convexity of the game and the budget
balance of the core payments. We provide a rank-based condition for the existence of separating functions
which shows that they exist except for a set of instances with measure 0.
Using data from Pecanstreet.org [Rhodes et al., 2014], we learn household utility models which we
use as the basis for our empirical analysis.
The major contributions of Chapter 4 are:
• We extend POU games to support multiple profiles.
• We show that the extension remains convex.
• We introduce a new incentive problem that emerges from the partial observability of the demand
profiles and address that problem using separating functions.
• We experimentally test POU and MPOU games using utility models learned from electricity use
data. We show that the social welfare of MPOU games is greater than that of the fixed-rate tariff,
which is greater than that of POU games.
We find that coordination systems developed in Chapters 3 and 4 improve efficiency, but they place
large attentional demands on consumers. To mitigate these demands, we propose that consumers should
be represented by autonomous agents, who manage their electricity consumption and interact with
the coordination systems on their behalf. In Chapter 5, we focus on the problem of how such agents
are informed of the preferences of the consumers they represent. We develop and study experiential
elicitation, a new approach to preference elicitation motivated by the electricity management setting.
In experiential elicitation, the cost and accuracy of a query are dependent on the current state of the
system at the time of the query. This presents a technical challenge by linking the problems of control
and elicitation.
We develop an instance of the experiential elicitation framework for the electricity management
setting. The decision problem is modeled with a Markov decision process. We introduce a new query
type, the relative value query, motivated by our intuitions about what is natural and easy to respond
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to in that setting. We show that the relative value query has a synergistic relationship with Gaussian
processes, which can aggregate functional difference information. We test our framework on synthetic
data and show that our approach to the problem outperforms several natural baselines.
The major contributions of Chapter 5 are:
• We introduce and motivate the experiential elicitation approach for a variety of AI systems that
interact with users over time;
• We theoretically connect optimal experiential elicitation to other, well-known, problems in AI;
• We study the interplay (and synergies) of relative value queries (RVQs), which are natural in
HVAC settings, with a Gaussian-process (GP) model of preference prediction;
• We develop a system for experiential elicitation in a smart-home HVAC setting using RVQs and
GPs, and analyze it empirically using a combination of real and synthetic data, showing that it
accrues higher reward than natural baselines.

6.2

Future Work

We now discuss interesting directions for future research.

6.2.1

Integrating Chapters 3 and 4

A natural place to start is integrating the approaches of Chapters 3 and 4. These two chapters approach
different aspects of the same problem of coordinating electricity consumption. The former focuses on
issues of demand “shape” whereas the latter focuses on predictability. Ideally, a deployed system should
solve both parts of the problem simultaneously. We now discuss how this could be done.
The organizing framework should come from Chapter 3. The objective in that chapter is to maximize
social welfare, but the form of the objective does not impact the methods as long as it is computationally
tractable. Thus, we could add a component that captures the predictability aspect we study in Chapter 4.
The optimization will likely be more difficult, but because we solve the optimizations in both chapters as
mixed-integer programs, they should be combinable in principle. It is possible that there is a problematic
detail, such as an issue with the objective “pressure” required by the constraints.
Combining these two approaches loses some of the useful features of Chapter 4’s model. In particular,
the combined model won’t be convex because the theoretical analysis that shows that the model of
Chapter 3 has a high price of stability (Section 3.4) would apply. We could instead model stability
in a way similar to Chapter 3, using payments based on smoothed envy-freeness such as SBEF or the
Shapley value. If we took this route, we would be faced with the same multi-objective optimization that
we encounter in Chapter 3. The sampling-based approach used there may or may not be as effective
with different objective functions.
There are questions about how people interact with cooperative game theoretic stability notions in
the real world. We discuss these in the next section.
The other approach to combining the two chapters is to expand out from the prediction-of-use games
model. Some of this work has been done already. For example, Robu et al. [2017] consider POU games
with multiple available tariffs, which we do not (note that they consider only a single profile). It is
likely that a larger class of convex games exists. The problem is that, once we start adding in the key
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features of the demand shape problem, we will lose convexity. Thus, its unclear how useful results that
rely on convexity are. However, there are some aspects of the POU setting that we do not understand
very well that are probably worth exploring in more detail, such as the independence of prediction errors
assumption and the idea of joint users being able to make predictions contingent on public factors (such
as the weather). We discuss these aspects in the future work section of Chapter 4.
The principal-agent problem that occurs in POU games will also arise if POU games are combined
with other models. We should be able to use separating functions to address them in essentially the
same way as in Chapter 4. Designing separating functions can be done after performing the matching
optimization. It “solidifies” the result of the optimization, incentivizing agents to use their assigned
profiles. The calculation of separating functions should not be affected by non-independent prediction
errors.
Abstracted away from the electricity setting, the overall goal can be viewed as constructing a general
pipeline for a cooperative game modeling a market. We want to be able to coordinate the use of scarce
resources, eliciting utility functions truthfully from the agents, while taking stability into account and
raising enough revenue to pay for the resources.1
In the remaining sections, we discuss key challenges on the path to this goal. The next section
discusses stability from a practical perspective in cooperative games and the following incentive issues.

6.2.2

Rationality of Players

Cooperative game theoretic stability concepts have received little testing in real environments. Standard
Shapley payments have an obvious failure mode as any number of agents could have a potentially large
incentive to defect, which could cause the entire mechanism to unravel. To an extent, Shapley payments
rely on agents recognizing that although it may be in their short-term interest to leave the mechanism,
their long term interest is to stay in it. Core-stable payments have the problem that, despite their
theoretical strength, they can appear quite unfair, as we saw in Section 2.1.4. The high computational
complexity of some cost-sharing schemes indicates that they can have quite unintuitive outcomes. It can
be hard to understand why one is unable to raise one’s payment by making a side deal.
We summarize two empirical studies of how cost sharing is performed in a cooperative game by
Williams [1988] and Michener and Yuen [1982]. Williams studies multiple-purpose river developments
constructed by the United States Army Corps of Engineers. The purposes include flood control, hydroelectric power, irrigation, etc. The cost and how it is divided across state, federal and local bodies
is fixed given the purposes that are selected for the project. What makes William’s analysis possible
is that the Corps of Engineers calculates the cost and benefit of many of the possible combinations of
purposes. The author finds that all observed cost divisions are core-stable in the case where a core
allocation exists, even in the case when other solution concepts, such as the Shapley value, are not.
Michener and Yuen perform laboratory experiments, where participants are told the characteristic
value function of a game and then rewarded monetarily proportional to the payment they receive in the
game. The authors come to the opposite conclusion of Williams: that the core is less predictive than
other solution concepts.
One explanation for the conflicting results is the level of rationality of the players. In Williams,
the negotiating parties are city representatives acting in a professional capacity, whereas in Michener
and Yuen, they are probably undergraduates being paid to participate in the study. The electricity use
1 Note

that standard VCG’s weaknesses are in the latter two aspects.
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setting is likely closer to the latter than the former. This may be a negative indicator of the applicability
of the core in practice.
Another potential explanation of the difference in outcomes between the two papers is a difference
in starting conditions. In Williams, the initial proposed division is based on the Corps of Engineers’
cost-sharing algorithm, which heavily favors the core. In Michener and Yuen, there is no initial proposal
given to the participants. If this is the key difference, it would indicate that players are persuadable.
This may be the case because the players are not initially familiar with cost sharing in cooperative
games, and could develop stronger preferences over time.
One way to form a general theory of real-world cost sharing is through an analogy to the way
assumptions are handled in non-cooperative games. There, the area of behavioral game theory [Camerer,
2011] is devoted to the problem of predicting player actions. Behavioral game theory has developed
a number of different theories to explain the results of laboratory tests. In practice, systems perform
robust optimization (e.g., Tambe [2011]) against a range of different behavior models.
A direct analogue of behavioral game theory for cooperative games would predict a distribution over
payments to players for a particular cooperative game. This could be seen as a quantitative extension
of the empirical cooperative games work previously discussed. However, the philosophy of mechanism
design indicates that the outcome is proposed by the system, and the players choice is whether to accept
it or not.
We could follow this logic and develop a probabilistic model of whether a group of players would accept
an outcome or not. Electricity coordination schemes motivate us to think in the large, in contrast to
behavioral game theory which usually focuses on two-player games. For example, a model that predicts
the chance to defect for each agent and treats those chances as independent has a lot of theoretical
appeal. In a large market, however, there would almost always be at least one defector, no matter how
small the individual probabilities were.
One key intuition is that egalitarian fairness concepts have a role to play, such as similarity-based
envy-freeness or DHPRZ. Giving a guarantee that the outcome they receive is similar to that of agents
with similar capabilities seems to address a key concern. Coming to an agreement on what constitutes
similar (on both dimensions) is difficult. For example, consider the instance with odd and even players
of Section 2.1.4, where core-stable allocations appear unfair. From a mathematical perspective, we view
the two players as completely different—there are two types of capabilities in the game and they are
polar opposites. Our intuition leads us to view them as similar because their roles are reflections of each
other’s.

6.2.3

Incentives to Misreport

Questions remain around the issue that players may be incentivized to misreport their utility functions.
We discuss this briefly in Section 3.7, and extend that discussion here. Our idea is to follow Boutilier and
Sandholm’s [2006] approach to combinatorial auctions by prioritizing preference elicitation concerns and
achieve truthfulness on the mechanism side. In this section, we focus on the idea of extending the VCG
mechanism to achieve this goal. It is possible that an ad hoc approach where we bound the incentive of
the agent to misreport with every query, or an empirical approach where we measure the incentive to
misreport in data, are better options, but more can be said about the VCG approach.
We begin with an abstract model of Chapters 3 and 4. We have a set of agents N , each with a
private utility function Ui : O Ñ IR mapping from outcome space to the utility received. We have a
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cost function C : O Ñ IR that maps from outcome space to the amount of revenue we need to raise to
execute the outcome. Each agent i has a set of demand profiles Πi . An outcome consists of a demand
profile assignment to each agent. We use the standard mechanism design notation for types. Let the
set of types be Θ, agent i’s true type be θi , agent i’s reported type be θ̂i and the joint type report of all
agents be θ̂.
The optimization problem faced by the mechanism is to select an outcome that maximizes an organizing function minus the cost of the outcome and determines payments to each agent such that the
amount of revenue raised is greater than the cost of the outcome. In standard mechanism design, the
organizing function is social welfare, i.e., the sum of the utilities of the individual agents. Our organizing
function differs from the standard one in two main ways. First, we want to take the cost of the outcome
into account. Second, we may want to add other factors to the objective, such as stability.
Both of these problems can be addressed by adding dummy agents to the problem. For the cost
function, we create a dummy agent with utility equal to the negative cost of the outcome. We do the
same for the stability. Now we sum up agent utilities in the usual way, but we do not collect a payment
from the dummy agents. Because the dummy agents can be introduced within the standard mechanism
design model, the useful properties of VCG with Clarke payments are maintained, such as truthfulness,
individual rationality, and non-negative payments. Note that this assumes we can maximize the new
objective exactly, which was not true for the social welfare objective with stability in Chapter 3.
Adding dummy agents representing cost and stability resolves another issue with Clarke payments.
Clarke payments rely on the existence of an externality imposed by some agent that it can “tax.”
Consider the following example.
Example 6.1. Suppose we have 1000 agents and two outcomes o1 and o2 . 498 of the agents have utility
1 for outcome o1 and 0 for o2 and 502 have utility 0 for o1 and 1 for o2 . In this scenario, VCG selects
o2 because it has a higher social welfare of 502 vs. 498. However, because removing one agent from the
problem does not change the outcome, the payment under the Clarke pivot rule is 0 for all agents.
The problem of having a zero payment always arises when there are enough agents that removing a
single agent does not change the outcome. It would seem that this can easily occur in a large enough
problem. In the electricity setting, adding a new agent will often not change the optimal profiles of the
other agents or the optimal generation strategy, but it will increase the cost.
It is more difficult to ensure that the mechanism raises the right amount of revenue from the agents
to pay the cost. In the absence of other externalities, whether the Clarke payments raise too little or too
much revenue depends on whether the cost function is concave or convex. The following two examples
illustrate.
Example 6.2. Let there be 100 identical agents. Each agent demands 1 unit of electricity and accrues
a utility of 0.11 if they receive it and 0 otherwise. There is only a single agent type, so untruthful
reporting is impossible. Let the cost function be equal to the square root of the demand. We use the
VCG mechanism with Clarke payments. With a dummy agent for the cost function, the outcome that
serves all of the demands is selected because each agent receives more utility than the cost of serving
?
?
them. Each agent’s payment is 100 ´ 99 « 0.05. Thus, the Clarke payments raise only about half of
the revenue needed.
Example 6.3. Consider the previous example except the cost function is the square of the demand,
and each agent accrues a utility of 100 if they receive their unit of electricity and 0 otherwise. Social
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welfare is maximized when 50 agents are served. Each agent’s payment is 502 ´ 492 “ 99. The Clarke
payments raise twice the revenue required.
In each example, we would like to scale the payments in order to make the revenue raised match the
revenue required, which is permitted by the mechanism as long as our choice of scaling constant for each
agent is not affected by that agent’s report. This is obviously impossible when there are a small number
of agents: each agent’s report has too much of an impact on the outcome. However, in a large problem,
we may be able to approximate the scaling factor well.
Concretely, suppose we want to calculate a scaling factor ci for agent i’s payment, which is a VCG
payment with the Clarke pivot rule, using a dummy cost agent. If we did not care about incentive
compatibility, we could raise the requisite revenue by setting the scaling factor equal to the ratio of the
cost and the total payment collected from all agents:
ci “

´

Cpf pθ̂qq
ř
jPN tpθ̂qpjq

(6.1)

This would violate incentive compatibility because both the numerator and the denominator depend
on i’s reported type θ̂i . If i’s impact on the problem is small enough, we could approximate f pθ̂q with
f pθ̂´i q and tpθ̂qpjq with tpθ̂´i qpjq. The former is free computationally (as long as we are computing
Clarke pivot rule payments), while the latter is very expensive: it requires n more optimizations of size
n ´ 2 per agent (where n is the number of agents).
Approximating these quantities to save computation would be necessary in practice. The complexity
of computing Clarke payments alone is likely too high for large problems as it requires a separate
optimization for each agent. However, many properties of VCG with Clarke payments are robust to
payment approximation, in contrast to approximation of the organizing function. Recall that it is
important for the organizing function optimization to be very accurate—if it is approximated, each
agent may have an incentive to misreport that is as large as the difference in objective function values
between the approximate and the exact solutions (see Section 2.3.4 for the proof).
Since the pivot rule can be any function, as long as it does not depend on the agent’s report,
truthfulness is never affected by the inaccuracy in the pivot rule calculation. We just need to begin our
approximation with the true sum of the other agents’ utilities in the selected outcome (which is cheap
to compute).
Our main incentive for the approximation to be accurate is individual rationality. It would be
possible to check whether the payment respects individual rationality given the report, but it would
violate truthfulness to do so.
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